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Abstract. The transport of monodisperse as well as polydisperse colloid suspensions in a two-
dimensional, water saturated fracture with spatially variable and anisotropic aperture is investigated
with a particle tracking model. Both neutrally buoyant and dense colloid suspensions are considered.
Although flow and transport in fractured subsurface formations have been studied extensively by
numerous investigators, the transport of dense, polydisperse colloid suspensions in a fracture with
spatially variable and anisotropic aperture has not been previously explored. Simulated snapshots and
breakthrough curves of ensemble averages of several realizations of a log-normally distributed aper-
ture field show that polydisperse colloids exhibit greater spreading than monodisperse colloids, and
dense colloids show greater retardation than neutrally buoyant colloids. Moreover, it is demonstrated
that aperture anisotropy oriented along the flow direction substantially increases colloid spreading;
whereas, aperture anisotropy oriented transverse to the flow direction retards colloid movement.

Key words: colloid transport, fracture, variable aperture, anisotropic aperture field, monodisperse
colloids, polydisperse colloids, neutrally buoyant colloids, dense colloids, particle tracking.

Nomenclature

b local aperture of a fracture (L).
Clnb covariance function of log-transformed aperture (–).
dp diameter of a colloid particle (L).
D molecular diffusion coefficient (L2t−1).
g acceleration due to gravity (Lt−2).
h piezometric head in the fracture (L).
k Boltzmann’s constant (ML2t−2T−1).
Kf hydraulic conductivity of the fracture (Lt−1).
�x fracture length in x-direction (L).
�y fracture length in y-direction (L).
m time step number (–).
M cumulative colloid mass passing through a cross section of a fracture (M).
M0 initial mass of suspended colloids (M).
nx number of elements along the x-direction of the fracture (–).
ny number of elements along the y-direction of the fracture (–).
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N cumulative number of colloids passing through a cross section of a fracture (–).
N0 total number of colloids introduced into the fracture (–).
N(dp) number of colloids introduced into the fracture with a given diameter dp (–).
P(z) probability of a colloid having a starting inlet vertical location < z (–).
rx separation distance of fracture aperture measurements in the x-direction (L).
ry separation distance of fracture aperture measurements in the y-direction (L).
t time (t).
T absolute temperature of the interstitial fluid (T).
Ux parabolic flow velocity in the x-direction (Lt−1).
Ūx average flow velocity in the x-direction (Lt−1).
Uy parabolic flow velocity in the y-direction (Lt−1).
Ūy average flow velocity in the y-direction (Lt−1).
x coordinate along the fracture length (L).
y coordinate along the fracture width (L).
z coordinate perpendicular to the fracture plane (L).
Z(0, 1) randomly generated number from a normal distribution with zero mean and unit variance (–).

Greek Symbols
γ fluid specific weight (ML−2t−2).
�t time step (t).
�z specified z-direction spatial increment (L).
η dynamic viscosity of the interstitial fluid (ML−1t−1).
λx correlation length of the log-transformed aperture fluctuations in the x-direction (L).
λy correlation length of the log-transformed aperture fluctuations in the y-direction (L).
µb mean aperture (L).
µdp mean colloid diameter (L).
µln dp mean log-transformed colloid diameter (–).

ρf interstitial fluid density (ML−3).
ρp colloid particle density (ML−3).
σ 2
dp

variance of colloid diameter distribution (L2).

σ 2
lnb variance of log-transformed aperture distribution (–).

σ 2
lndp

variance of log-transformed colloid diameter distribution (–).

!1,!2 constants (–).

1. Introduction

Colloids derive their name from the Greek word ‘κóλλα’, meaning ‘glue’ (Russel
et al., 1989) and they are present in the subsurface in the form of very fine particles
such as clay minerals, metal oxides, viruses, bacteria, and humic macromole-
cules (Stumm and Morgan, 1981; Higgo et al., 1993) that generally range in size
from 1 nm to 10 µm (Chrysikopoulos and Sim, 1996). In fractured subsurface
formations, colloids are produced by microerosion of rock minerals as a result
of formation crushing due to tectonic activity (Drever, 1985), chemical dissolution
of rock minerals caused by water infiltration, and changes in groundwater geo-
chemical conditions (McCarthy and Degueldre, 1993). Groundwater contaminants
often exhibit higher affinity for attachment onto colloids than onto formation solid
surfaces (McDowell-Boyer et al., 1986; Toran and Palumbo, 1992). Consequently,
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colloids often serve as carriers for contaminants and may significantly influence
the net rate of contaminant migration in subsurface formations (Mills et al., 1991;
Abdel-Salam and Chrysikopoulos, 1995a; Ouyang et al., 1996; Baik and Hahn,
1997; Tatalovich et al., 2000).

The literature on flow and transport in fractured systems is extensive. Several
studies are associated with the relatively simple parallel plate model that represents
a fracture as a pair of parallel plates separated by a constant aperture (e.g. Grisak
and Pickens, 1981; Neretnieks, 1983; Novakowski et al., 1985; Abdel-Salam and
Chrysikopoulos, 1994). Also, numerous are the investigations that explore the re-
latively complex case of fractures with spatially variable aperture (e.g. Tsang and
Tsang, 1987; Moreno et al., 1988; Thompson and Brown, 1991; Johns et al.,
1993; Reimus, 1995; Chrysikopoulos and Abdel-Salam, 1997; Keller, 1998; James
and Chrysikopoulos, 2000; Knapp et al., 2000). The majority of the mathemat-
ical models for colloid transport or contaminant/colloid cotransport in fractured
systems assume that colloids are of uniform size (monodisperse colloid suspen-
sions) (e.g. van der Lee et al., 1992; Smith and Degueldre, 1993; Abdel-Salam
and Chrysikopoulos, 1995b; Liu et al., 2000; Oswald and Ibaraki, 2001). Because
colloids present in groundwaters frequently follow a log-normal distribution in
diameter (Ledin et al., 1994), recent studies for colloid transport in fractures based
on particle tracking simulations examine the realistic case of variably sized colloid
(polydisperse colloid suspensions) transport in water saturated fractures, account-
ing for both matrix diffusion and colloid deposition (James and Chrysikopoulos,
1999, 2000).

This work extends our previous research efforts and focuses on the transport
of monodisperse and polydisperse colloids in a fracture with spatially variable
aperture. Colloid suspensions of neutral buoyancy as well as heavier than water
(dense) colloids are employed in the model simulations. The effect of fracture
aperture anisotropy on colloid transport is investigated. Statistical anisotropy in
the fracture aperture distribution is described by a log-normally distributed random
field. To our knowledge, the transport of dense, polydisperse colloid suspensions in
a fracture with spatially variable and anisotropic aperture has not yet been explored.

2. Mathematical Development

Consider a horizontal, two-dimensional, water saturated fracture plane with length
�x = 8 m (x-direction), width �y = 4 m (y-direction), and spatially variable
aperture as shown in Figure 1. The fracture aperture is a stationary log-normally
distributed stochastic variable that can be described by an anisotropic exponential
covariance function. Water movement is from left to right. No-flow boundary con-
ditions are imposed along the two sides of the fracture (y = 0 and 4 m). Flow in the
rock matrix is neglected because the saturated hydraulic conductivity in the rock
matrix is several orders of magnitude smaller than the saturated hydraulic con-
ductivity within the fracture (Abdel-Salam and Chrysikopoulos, 1996). Colloids
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Figure 1. Schematic illustration of a two-dimensional fracture considered in this study showing the spatially variable aperture b(x, y), the fully developed
parabolic velocity profile U(x, y, z), and a migrating plume of polydisperse dense colloids. Note that the center of the aperture is located at z = 0.
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are introduced in proportion to the local flow rate at the upstream inlet and it is
assumed that they neither deposit onto the fracture surfaces nor penetrate the solid
matrix. Although size exclusion, filtration, and diffusion into the solid matrix can
affect colloid transport in a fracture, these factors have been previously examined
(Chrysikopoulos and Abdel-Salam, 1997; James and Chrysikopoulos, 1999, 2000)
and they are disregarded in this study so that aperture anisotropy in conjunction
with gravitational effects on colloids can be explicitly examined. It should be noted
that only a horizontal fracture is examined in the present study; however, the case
of colloid transport in vertical or inclined fractures will be the focus of a subsequent
investigation.

2.1. STOCHASTIC GENERATION OF A FRACTURE PLANE

The two-dimensional fracture plane considered in this study (�x×�y = 8×4 m2) is
partitioned into nx×ny = 80×40 discrete square elements by superimposing a grid
of 3321 (81 × 41) nodes over the two-dimensional fracture, where nx and ny are
the number of elements along the x- and y-directions of the fracture, respectively.
Each 10 × 10 cm2 element is assigned a distinct aperture generated stochastically
by the computer program SPRT2D (Gutjahr, 1989). The aperture fluctuations in the
fracture plane are log-normally distributed (Johns et al., 1993; Keller, 1998) and the
log-transformed aperture varies spatially according to the anisotropic exponential
covariance function

Clnb(r) = σ 2
lnb exp


−

(
r2
x

λ2
x

+ r2
y

λ2
y

)1/2

 , (1)

where σ 2
lnb is the variance of the log-transformed aperture distribution, ln b; r =

(rx, ry)
T is a two-dimensional vector whose magnitude is the separation distance of

two aperture measurements; and λx and λy are the correlation length scales of ln b
in the x- and y-directions, respectively. For distances in the fracture plane smaller
than the correlation length, aperture values are likely to be similar, but at distances
larger than the correlation length aperture values are uncorrelated. The stochastic
realizations of b(x, y) are locally independent of direction; however, anisotropy is
introduced globally by the overall spatial variability of the fracture aperture field
(Vogler and Chrysikopoulos, 2001). Unique realizations of the aperture field are
obtained by changing the seed number supplied to the random field generator.

2.2. FLOW MODEL

The governing two-dimensional partial differential equation describing steady-state
fluid flow in a fracture with spatially variable aperture is (Chrysikopoulos and
Abdel-Salam, 1997)

∂

∂x

[
b3(x, y)

∂h(x, y)

∂x

]
+ ∂

∂y

[
b3(x, y)

∂h(x, y)

∂y

]
= 0, (2)
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where x is the coordinate along the fracture length, y is the coordinate along
the fracture width, and h(x, y) is the local piezometric head in the fracture. The
preceding equation is a stochastic partial differential equation, because one of its
parameters, namely the local aperture b(x, y), is a stochastic variable.

The appropriate boundary conditions for the fracture are:

∂h(x, 0)

∂y
= 0, (3)

∂h(x, �y)

∂y
= 0, (4)

h(0, y) = h0, (5)

h(�x, y) = 0, (6)

where h0 is the constant inlet head potential. Conditions (3) and (4) represent the
no-flow top and bottom boundaries, respectively; whereas conditions (5) and (6)
represent the constant head left (upstream) and right (downstream) boundaries,
respectively. For physical orientation of the fracture, see Figure 1. The direction
of the flow is from left to right.

Assuming that the fluid enters the fracture with a fully developed Poiseuille
velocity distribution (parabolic velocity profile), no slip boundary conditions exist
at the fracture walls, and a fully developed velocity profile forms within each unit
element of the fracture plane, the interstitial fluid velocities, Ux and Uy , in the
directions along the fracture length and fracture width, respectively, are expressed
as (Fox and McDonald, 1998, p. 337; James and Chrysikopoulos, 2000)

Ux(x, y, z) = Ūx(x, y)
3

2

{
1 − 4

[
z

b(x, y)

]2
}
, (7)

Uy(x, y, z) = Ūy(x, y)
3

2

{
1 − 4

[
z

b(x, y)

]2
}
, (8)

where z is the coordinate perpendicular to the fracture plane, and Ūx and Ūy are the
average velocity components in the x- and y-directions given by (Chrysikopoulos
and Abdel-Salam, 1997)

Ūx(x, y) = −Kf(x, y)
∂h(x, y)

∂x
= −γ b2(x, y)

12η

∂h(x, y)

∂x
, (9)

Ūy(x, y) = −Kf(x, y)
∂h(x, y)

∂y
= −γ b2(x, y)

12η

∂h(x, y)

∂y
, (10)
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respectively, where γ is the fluid specific weight, η is the fluid dynamic viscosity,
and Kf is the hydraulic conductivity of the fracture. For an ideal fracture represent-
ed by two parallel plates, the hydraulic conductivity is (Domenico and Schwartz,
1998, p. 51)

Kf = γ b2

12η
. (11)

Note that Ux and Uy are functions of the z-coordinate; whereas Ūx and Ūy are
independent of the z-coordinate.

For each realization of the aperture field, a distribution of the piezometric head
within the fracture is obtained by solving the governing fluid flow Equation (2)
subject to conditions (3)–(6). A five-point central finite difference numerical ap-
proximation is used for each node on the grid of the fracture plane leading to a set
of linear equations with as many unknowns as the number of unspecified nodes on
the fracture grid (Hoffman, 1992). The resulting set of linear equations is solved
using a banded LU decomposition matrix solver algorithm (Press et al., 1992). Be-
cause lubrication theory is used to calculate flow between fracture elements, a step
discontinuity may not be explicitly modeled. Therefore, the equivalent aperture
between adjacent elements, in x- or y-direction, is approximated by the harmonic
mean (Reimus, 1995). The directional components of the average velocity within
each element are generated by second-order accurate finite difference approxima-
tions of (9) and (10); and the corresponding local, directional interstitial velocities
are evaluated from (7) and (8).

2.3. MODELING OF COLLOID TRANSPORT BY PARTICLE TRACKING

Numerous published studies focus on modeling colloid transport in fractures and
use various analytical and numerical solution techniques for the governing partial
differential equations. Analytical solutions are applied to simple physicochemical
conditions and fracture geometries (de Marsily, 1986, p. 268; Abdel-Salam and
Chrysikopoulos, 1994), more complex situations require finite element or finite
difference approximations that suffer from numerical dispersion (van der Lee et al.,
1992; Smith and Degueldre, 1993; Abdel-Salam and Chrysikopoulos, 1995a, b;
Ibaraki and Sudicky, 1995; Chrysikopoulos and Abdel-Salam, 1997), and other
investigations employ particle tracking techniques that require significant computa-
tional power (Reimus, 1995; Grindrod and Lee, 1997; James and Chrysikopoulos,
1999, 2000). In this study, colloid transport is simulated with particle tracking.
Particle tracking is the only method that can account for both variably sized (poly-
disperse) colloids and irregular boundaries (spatially variable aperture), because
a unique set of parameters is allocated to each particle to store its permanent and
continuously changing characteristics (e.g. location, size, sorption status, and grav-
itational properties). Furthermore, particle tracking procedures provide stochastic
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solutions to linear partial differential equations that do not suffer from numerical
dispersion (Thompson and Gelhar, 1990).

Traditional particle tracking equations for colloid transport in water saturated
fractures simulate spatial particle advancements over a constant time step. They
consist of two terms: a deterministic term representing advection processes, and a
stochastic term simulating random molecular diffusion. However, traditional parti-
cle tracking equations with a constant time step may be inappropriate for poly-
disperse colloids, because during the pre-determined time step, a small particle
will experience a significantly greater diffusional effect than a large particle. By
specifying a priori a spatial step for transport across streamlines and determining
the random time required by each particle to travel this distance, the movement
of small and large colloids is modeled with equal accuracy. In this work, the con-
stant spatial step particle tracking equations derived by James and Chrysikopoulos
(2001) are employed.

2.3.1. Transport of Neutrally Buoyant Colloids
For neutrally buoyant polydisperse colloid plumes each particle is transported
through the water saturated fracture according to the following equations:

xm = xm−1 + Ux(x
m−1, ym−1, zm−1)�t + Z(0, 1)

√
2D�t, (12)

ym = ym−1 + Uy(x
m−1, ym−1, zm−1)�t + Z(0, 1)

√
2D�t, (13)

zm = zm−1 ± �z, (14)

where Z(0, 1) is a random selection from the standard normal distribution with
zero mean and unit variance, m is the spatial step level, and D is the molecular dif-
fusion coefficient specified for a spherical particle by the Stokes–Einstein diffusion
equation (Russel et al., 1989, p. 69)

D = kT

3πηdp
, (15)

where dp is the particle diameter, k is Boltzmann’s constant, and T is the tem-
perature of the interstitial fluid. The direction of the displacement ±�z in (14) is
determined from the sign of another standard normally distributed random number,
Z(0, 1). The time step �t employed in (12) and (13) is calculated by (James and
Chrysikopoulos, 2001)

�t = exp

{
ln

[
(�z)2

D

]
− !1 + !2 · Z(0, 1)

}
, (16a)

!1 = 0.979 ± 0.012, (16b)

!2 = 0.787 ± 0.002. (16c)
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The preceding set of equations represents a random selection of �t from the log-
normal distribution of the travel times for a particle with molecular diffusion coef-
ficient D traveling a distance �z. Following the selection of an appropriate value
for �z and substitution of (15) into (16a), a random time step �t is calculated and
used in both (12) and (13). It should be noted that for traditional particle tracking
with constant time step, (14) should be replaced by

zm = zm−1 + Z(0, 1)
√

2D�t. (17)

2.3.2. Transport of Dense Colloids
For polydisperse colloid plumes subject to gravitational forces the effects of grav-
itational settling on each colloid must be incorporated into the particle tracking
equations. Assuming that a colloid is reasonably represented by a small sphere,
for a density difference between the colloid and the suspending fluid, the balance
among gravity, buoyancy, and viscous forces leads to the following expression for
the terminal settling velocity (Russel et al., 1989, p. 395)

Us = −(ρp − ρf)gd
2
p

18η
, (18)

where ρf and ρp are the densities of the suspending fluid and the colloid particle,
respectively, and g is the acceleration due to gravity in the negative z-direction.

The transport of colloids in the x- and y-directions is not affected by gravita-
tional settling. Consequently, the appropriate particle tracking equations for dense
colloids are (12), (13) and

zm = zm−1 ± �z + Us�t, (19)

where the direction of the displacement ±�z is determined again from the sign of
a standard normally distributed random number, Z(0, 1). Selecting an appropriate
value for �z and substituting (15) into (16a), a random time step �t is determined
to be employed in (12), (13), and (19).

2.3.3. Colloid Transport Modeling Procedures
The procedure used for the distribution of colloid particles at the upstream bound-
ary of the fracture (x = 0) is essentially identical to that employed by Reimus
(1995). The probability of a particle entering a given element at the upstream
boundary is proportional to the volumetric flow rate into that element (Uxb�y/ny ,
here �y/ny = 10 cm), and consequently proportional to the aperture, b, of that
element. A discrete cumulative probability density function is specified by sequen-
tially adding the probabilities of a particle entering each of the ny elements at the
upstream boundary of the fracture. The probability of a particle entering a given
element is equal to the volumetric flow rate of that element divided by the sum of



200 CONSTANTINOS V. CHRYSIKOPOULOS AND SCOTT C. JAMES

the ny individual volumetric flow rates passing through the upstream boundary of
the fracture. A uniform random number between zero and 1 is generated for each
particle. The random number’s placement in the discrete cumulative distribution
designates a particle’s appropriate entrance element at the upstream boundary. In
addition to assigning an entrance element, a starting z-location (perpendicular to
the fracture walls) is also assigned for each particle because different vertical loca-
tions correspond to different local interstitial fluid velocities (parabolic velocity
profile) within each inlet element of the fracture. The probability of a colloid having
a starting position less than z is given by (Reimus, 1995)

P(z) =
∫ z

−b/2 Ux(0, y, z) dz∫ b/2
−b/2 Ux(0, y, z) dz

= − 2z3

b3(0, y)
+ 3z

2b(0, y)
+ 1

2
, (20)

where the last formulation in the preceding equation is the consequence of employ-
ing (7) followed by evaluation of the integrals. A uniform random number between
zero and 1 is substituted for P(z) in (20) and the roots of the resulting polynomial
in z are evaluated by Newton’s method (Press et al., 1992, p. 355). Roots found out-
side the range of −b(0, y)/2 and b(0, y)/2 are ignored and particles overlapping
with the fracture wall have their positions reevaluated with a new random number.
Note that particle–particle interactions are not considered in this study.

Particle movement between elements of different aperture follows the relation-
ship (Happel and Brenner, 1965):

zold

bold
= znew

bnew
, (21)

that is applicable for creeping flow conditions in slowly converging or diverging
channels. Thus the ratio of the new z-location to the old z-location is equivalent
to the ratio of the aperture at the new location to the aperture at the old location.
It should be noted that the preceding equations implicitly assumes that a colloid
particle moving between elements with the local advection velocity follows di-
rectly a streamline. Particles are allowed to cross both perpendicularly as well as
diagonally between cells; however, if a particle crosses diagonally only its initial
and final element apertures are used in (21).

For the present study the fracture walls are considered impermeable to colloids.
Consequently, it is assumed that when particles encounter fracture walls they are
reflected back as in a mirror image without loss of energy. That is, the final x- and
y-coordinate positions remain unchanged, whereas the final z-coordinate is set a
distance away from the wall equal to the distance that the particle would have ob-
tained if it had penetrated the rock matrix plus the particle diameter. For example,
if a particle of dp = 1 × 10−6 m is initially estimated to move to a z-location of
5.03 × 10−5 m (5.0 × 10−5 m being the location of the fracture wall), its reflected
z-location would be 4.87 × 10−5 m. Also, it should be noted that the center of a
colloid particle may not reach the location z = 0 due to its finite size. Therefore,
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near the fracture wall a colloid may move by diffusion as well as advection because
its velocity component, Ux , although very small, is never equal to zero.

3. Model Parameters

One monodisperse and two polydisperse colloid plumes are employed for the model
simulations. Each plume consists of a total number of N0 = 10, 000 colloids. As-
suming that the colloid particles are spherical, the mass of each colloid suspension
is

M0 = ρpπ

6

N0∑
i=1

d3
pi . (22)

A relatively large number of particles is used for the model simulations presented
in this study to reduce random noise. The larger the number of particles, the smaller
the contribution of each particle to the overall transport behavior of a colloid plume,
and thus the smoother the results. All colloid suspensions have the same mean
colloid diameter, µdp = 1 µm. However, the two polydisperse colloid suspensions
with standard deviation of colloid diameters σdp = 0.9 and 1.8 µm, respectively,
are assumed to follow a log-normal size distribution (Ang and Tang, 1975)

N(dp) = N0

(2π)1/2σlndpdp
exp


−1

2

(
ln dp − µln dp

σln dp

)2

 , (23)

where N(dp) is the number of colloids with a given diameter dp, µln dp is the mean
log-transformed colloid diameter, and σ 2

lndp
is the variance of the log-transformed

colloid diameter distribution. Note that the mean colloid diameter is represented by

µdp = exp [µln dp + 0.5σ 2
ln dp

], (24)

and the variance of the colloid diameter distribution by

σ 2
dp

= µ2
dp
(e

σ 2
ln dp − 1). (25)

Unique realizations of the aperture field for the fracture considered in this study
are determined with a mean aperture µb = 5 × 10−5 m, a variance of the log-
transformed aperture distribution σ 2

ln b = 0.2, and three different combinations of
the directional correlation length scales of the log-transformed aperture field (λx ,
λy). Table I presents the various correlation length scales and their ratios, λx/λy .
It should be noted that the correlation lengths of ln b employed in this work were
arbitrarily selected. For each realization of the aperture field, the corresponding
directional components of the interstitial velocity (Ux , Uy) at each unit element are
determined for a hydraulic gradient of ∂h/∂x = 0.031, imposed by an upstream
boundary condition h(0, y) = h0 = 0.25 m and a downstream boundary condition
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Table I. Correlation lengths of ln b for model simulations

λx (cm) λy (cm) Ratio

100 500 0.2

100 100 1.0

500 100 5.0

Figure 2. Illustration of statistically anisotropic aperture field realizations for: (a)
λx = 100 cm, λy = 100 cm; (b) λx = 100 cm, λy = 500 cm and (c) λx = 500 cm,
λy = 100 cm. The velocity vector field (d) corresponds to the aperture field (a); the velocity
vector field (e) corresponds to the aperture field (b); and velocity vector field (f) corres-
ponds to the aperture field (c). Arrow lengths are proportional to velocity magnitudes (here
µb = 5 × 10−5 m, σ 2

lnb = 0.2, ∂h/∂x = 0.031; flow direction from left to right).

h(�x, y) = 0 m for �x = 8 m. Figure 2 shows three realizations of the aperture field
and the corresponding velocity vector fields.

For the particle tracking method employed here a constant spatial step in the z-
direction, �z, equal to one-fifth of the local aperture (�z = b(x, y)/5) is used for
neutrally buoyant colloids and one-tenth of the local aperture (�z = b(x, y)/10)
for dense colloids. These spatial steps were carefully chosen to assure reasonable
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accuracy from the particle tracking procedures by not allowing a time step that
would have a neutrally buoyant particle travel across multiple elements in either the
x- or y-direction, or a dense particle to travel across the fracture due to gravitational
forces.

4. Model Simulations

Model simulations for the transport of neutrally buoyant, as well as dense, poly-
disperse colloids in a fracture with spatially variable, anisotropic aperture are per-
formed for a variety of situations. Unless otherwise specified, the results presented
here represent the ensemble average from 100 realizations of the fracture aperture
field. The number of realizations is chosen such that additional realizations do
not change the calculated ensemble average by more than 1%. Colloid number
breakthrough curves represent the cumulative number of colloids passing through
the downstream boundary of the fracture at x = 8 m, and they are normalized
by the total number of colloids introduced into the fracture (N/N0). Colloid mass
breakthrough curves represent the cumulative mass of colloids passing through the
downstream boundary of the fracture and they are normalized by the initial mass
of suspended colloids introduced into the fracture (M/M0), and in view of (22) can
be expresses as

M

M0
=
∑N

i=1 d
3
pi∑N0

i=1 d
3
pi

. (26)

4.1. MONODISPERSE COLLOIDS

Figure 3 qualitatively illustrates the effect of colloid density as well as fracture
aperture anisotropy on the transport of monodisperse colloids in water saturated
fractures with spatially variable aperture. Snapshots of 10,000 monodisperse
particles are presented at 12 h (solid circles) and 36 h (open squares) of transport
times for six different cases. The first case (Figure 3(a)) represents transport of
monodisperse, neutrally buoyant colloids (ρp = 1000 kg/m3) in a fracture with
spatially variable and isotropic aperture distribution, as shown in Figure 2(a). The
second case (Figure 3(b)) represents transport of monodisperse, neutrally buoy-
ant colloids in a fracture with spatially variable and anisotropic aperture distribu-
tion, as shown in Figure 2(b). The third case (Figure 3(c)) represents transport of
monodisperse, neutrally buoyant colloids in a fracture with spatially variable and
anisotropic aperture distribution, as shown in Figure 2(c). The fourth, fifth and
sixth cases (Figure 3(d)–(f)) represent transport of monodisperse, dense colloids
(ρp = 2000 kg/m3) for the fracture topographies examined in Figure 3(a), (b) and
(c), respectively. Comparison of the six cases suggests that dense, monodisperse
colloids show significant retardation and less spreading because they are likely
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Figure 3. Snapshots of monodisperse colloid positions at 12 h (solid circles) and 36 h (open
squares) of transport times for: (a) neutrally buoyant colloids and isotropic aperture distribu-
tion with λx/λy = 1.0; (b) neutrally buoyant colloids and anisotropic aperture distribution
with λx/λy = 0.2; (c) neutrally buoyant colloids and anisotropic aperture distribution with
λx/λy = 5.0; (d) dense colloids and isotropic aperture distribution with λx/λy = 1.0; (e)
dense colloids and anisotropic aperture distribution with λx/λy = 0.2; and (f) dense colloids
and anisotropic aperture distribution with λx/λy = 5.0 (here dp = 1 µm, σdp = 0.0 µm,

µb = 5 × 10−5 m, σ 2
lnb = 0.2).

to travel near the bottom of the fracture thereby experiencing a narrow range of
smaller flow velocities. Furthermore, it is shown that anisotropy in the spatially
variable aperture field oriented along the flow direction increases the spreading of
the monodisperse colloid plumes; whereas aperture anisotropy oriented transverse
to the flow direction retards colloid movement. This observation agrees with the
transport results for monodisperse, neutrally buoyant colloids of Thompson and
Brown (1991).

4.2. POLYDISPERSE COLLOIDS

Figure 4 qualitatively illustrates the effect of colloid density as well as fracture
aperture anisotropy on the transport of polydisperse colloids in water saturated
fractures with spatially variable aperture. Snapshots of 10,000 polydisperse parti-
cles with σdp = 1.8 µm are presented at 12 h (solid circles) and 36 h (open squares)
of transport simulated times for six different cases. The first case (Figure 4(a))
represents transport of polydisperse, neutrally buoyant colloids (ρp = 1000 kg/m3)
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Figure 4. Snapshots of polydisperse colloid positions at 12 h (solid circles) and 36 h (open
squares) of transport times for: (a) neutrally buoyant colloids and isotropic aperture distribu-
tion with λx/λy = 1.0; (b) neutrally buoyant colloids and anisotropic aperture distribution
with λx/λy = 0.2; (c) neutrally buoyant colloids and anisotropic aperture distribution with
λx/λy = 5.0; (d) dense colloids and isotropic aperture distribution with λx/λy = 1.0; (e)
dense colloids and anisotropic aperture distribution with λx/λy = 0.2; and (f) dense colloids
and anisotropic aperture distribution with λx/λy = 5.0 (here µdp = 1 µm, σdp = 1.8 µm,

µb = 5 × 10−5 m, σ 2
lnb = 0.2).

in a fracture with spatially variable and isotropic aperture distribution, as shown
in Figure 2(a). The second case (Figure 4(b)) represents transport of polydisperse,
neutrally buoyant colloids in a fracture with spatially variable and anisotropic aper-
ture distribution, as shown in Figure 2(b). The third case (Figure 4(c)) represents
transport of polydisperse, neutrally buoyant colloids in a fracture with spatially
variable and anisotropic aperture distribution, as shown in Figure 2(c). The fourth,
fifth and sixth cases (Figure 4(d)–(f)) represent transport of polydisperse, dense
colloids (ρp = 2000 kg/m3) for the fracture topographies examined in Figure 4(a),
(b) and (c), respectively. Comparison of the six cases suggests that the center of
mass of the dense, polydisperse colloid suspensions is more retarded than the cen-
ter of mass of the neutrally buoyant, polydisperse colloids. Furthermore, aperture
anisotropy oriented along the flow direction increases the spreading of the poly-
disperse colloid plumes and aperture anisotropy oriented transverse to the flow
direction inhibits colloid movement. Examining Figures 3 and 4 reveals that poly-
disperse colloids spread to a greater degree than monodisperse colloids, because the
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many small colloids of a polydisperse suspension are less affected by gravitational
forces and they can sample the whole range of a parabolic velocity distribution of
the fracture. Furthermore, the largest colloids of the distribution are most affected
by gravitational forces and travel according to the slowest portion of the parabolic
velocity profile.

4.3. MASS AND COLLOID NUMBER BREAKTHROUGH CURVES

Cumulative breakthrough curves for various colloid distributions and fracture topo-
graphies are presented in Figure 5. Normalized colloid mass breakthrough curves
are presented in Figure 5(b) and (e), and normalized colloid number breakthrough
curves are presented in Figure 5(a), (c), (d) and (f). The breakthrough curves
on the left-hand side (Figure 5(a)–(c)) correspond to neutrally buoyant colloids
(ρp = 1000 kg/m3), whereas the breakthrough curves on the right-hand side
(Figure 5(d)–(f)) correspond to dense colloids (ρp = 2000 kg/m3). In Figure 5(a),
the colloid breakthrough curves are nearly identical showing that polydispersity
does not affect the number breakthrough of neutrally buoyant particles in isotropic

Figure 5. Cumulative normalized colloid number breakthrough curves (a, c, d and f) and
cumulative normalized mass breakthrough curves (b and e). Various polydisperse colloid
distributions and fractures with isotropic aperture distributions are considered in (a, b, d and
e); whereas a monodisperse colloid distribution and fractures with various anisotropic aperture
distributions are considered in (c and f). Neutrally buoyant colloids are considered in (a–c) and
dense colloids in (d–f). All breakthrough curves are ensemble averages of 100 realizations of
the fracture aperture field (here µdp = 1 µm, µb = 5 × 10−5 m, σ 2

ln b = 0.2).
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fractures. The normalized mass breakthrough curves of neutrally buoyant colloids
in Figure 5(b) indicate that the earliest colloid mass breakthrough corresponds to
the colloid plume with the largest σ 2

dp
. It should be noted that large colloids, due to

their size, are physically excluded from the slowest moving portion of the velocity
profile nearest to the wall and remain in high velocity streamlines near the center of
the fracture longer than the small particles due to their lower diffusivity. Figure 5(c)
suggests that aperture anisotropy oriented along the flow direction increases the
spreading of monodisperse colloid suspensions and aperture anisotropy oriented
transverse to the flow direction inhibits colloid transport. Comparison of Figure
5(a) and (b) with Figure 5(d) and (e) indicates that the center of mass for dense,
variably sized colloid suspensions moves much slower than the center of mass for
neutrally buoyant colloid suspensions. Furthermore, it is shown that dense, poly-
disperse colloid suspensions disperse considerably more than neutrally buoyant
colloid suspensions. Comparison of Figure 5(c) with Figure 5(f) also reveals that
the transport of dense, monodisperse colloid suspensions is significantly retarded
compared to the neutrally buoyant, monodisperse colloid suspensions. It should
be noted that the colloid breakthrough curves presented in Figure 5(c) lead to the
same results as the transport simulations illustrated in Figure 3(a)–(c). Also, the
colloid breakthrough curves presented in Figure 5(f) lead to the same results as
the transport simulations illustrated in Figure 3(d)–(f).

5. Summary

The transport of monodisperse and polydisperse colloid suspensions in water satu-
rated, two-dimensional fractures with different spatially variable, anisotropic aper-
ture topographies was simulated with a particle tracking model. The governing
two-dimensional partial differential equation describing steady-state fluid flow in
the fracture was solved for various realizations of the spatially variable aperture
field by a five-point finite difference numerical approximation; whereas the trans-
port of colloid suspensions was determined by appropriate particle tracking equa-
tions with a constant spatial step. Results from model simulations show that
polydisperse colloid suspensions exhibit more spreading than monodisperse sus-
pensions, and that the transport of dense colloid suspensions is retarded compared
to neutrally buoyant colloid suspensions. Furthermore, it was demonstrated that
aperture anisotropy oriented along the flow direction increases the spreading of
both monodisperse and polydisperse colloid suspensions; whereas aperture an-
isotropy oriented transverse to the flow direction inhibits the transport of colloid
suspensions.
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