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Abstract
Analytical solutions are derived describing the transport of suspensions of monodisperse as well as polydisperse colloid
plumes of neutral buoyancy within a fracture with uniform aperture. Various initial and boundary conditions are considered.
It is shown that both the finite colloid size and the characteristics of the colloid diameter distribution significantly affect the
shape of colloid concentration breakthrough curves. Furthermore, increasing the standard deviation of the colloid diameter
enhances colloid spreading and increases the number of attached colloids when colloid–wall interactions are taken into account.
Excellent agreement between available experimental data and the analytical solution for the case of an instantaneous release of
monodisperse colloids in a natural fracture is observed.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Characterization of colloid and reactive contaminant fate and transport in fractured subsurface formations is the focus of many recent studies [1–6]. These
studies suggest that knowledge of the coupled hydrodynamic flow, contaminant transport, and surface reaction processes taking place in a single fracture are
fundamental to improving our understanding of reactive contaminant transport in fractured subsurface formations. Both field and laboratory studies indicate that
∗
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contaminants can migrate while sorbed on the surface
of colloids [7–10]. Consequently, colloids affect the
mobility of soluble contaminants in fractures as the
sorbed contaminants assume the transport characteristics of the colloids that may be significantly different
from their own.
Colloids are present in the subsurface in the form
of metal oxides, humic macromolecules, bacteria,
and viruses [11]. In fractured media, colloids are often formed by microerosion of minerals present in
the solid matrix because of formation crushing in
association with tectonic activity [12]. When contaminants are released into a subsurface formation
of fractured clay or rock, the fractures can provide
preferential pathways for colloid migration. Because
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release of colloids in an aquifer can be sudden (e.g.,
disruptive events like earthquakes) or continuous
(e.g., degradation of vitrified waste), both instantaneous and constant concentration boundary conditions should be investigated. Furthermore, most of the
studies published in the literature focus on monodisperse colloid transport. However, colloid plumes are
rarely composed of a single species, necessitating
the study of polydisperse distributions. In addition,
because colloid interactions with the solid matrix significantly affect their transport [13], both reversible
and irreversible attachment (often termed filtration
or sorption) of colloids with the medium should be
considered.
Taylor [14] introduced an effective dispersion coefficient for soluble matter flowing in a cylindrical tube
(the Taylor dispersion coefficient), which is a function of the dissolved constituent’s molecular diffusion
coefficient and the fundamental system parameters
(i.e., centerline flow velocity and tube radius). Aris
[15] extended this pioneering work by employing
moment analysis to obtain results in a more generalized manner. These original studies, however, apply
only to non-reactive solute transport. Sankarasubramanian and Gill [16] and Brenner [17,18] continued
the study of internal flow and transport by developing exact solutions for the dispersion of reactive
solutes in a tube. Following the Taylor–Aris procedures, scientists have examined various aspects of
contaminant transport in parallel-plate geometries.
DeGance and Johns [19] and Shapiro and Brenner
[20–22] have obtained approximate analytical models
for the dispersion of reactive solutes in cylindrical
or parallel-plate geometries and concluded that the
Taylor dispersion coefficient needs to be modified
to account for solute flux at the system boundaries
due to solute reactions with the walls. There are several examples of analytical solutions for contaminant
transport in fractured porous media where contaminants are subject to plug flow advection, dispersion,
matrix diffusion, surface and matrix sorption, and decay [23–25]. Abdel-Salam and Chrysikopoulos [26]
derived closed form analytical solutions for colloid
transport in single uniform, porous fractures with and
without colloid penetration into the rock matrix for
constant concentration as well as constant flux boundary conditions. It was shown that axial advection,
transverse diffusion, and penetration into or reaction

with the solid matrix govern colloid migration in
fractures.
It is often assumed in studies of transport in porous
media that particles are infinitesimally small; however, it has been shown that the finite size of colloids
also affects their transport properties [27]. Polydisperse colloid transport in water saturated, uniform and
variable aperture fractures has been numerically simulated by particle tracking schemes [28–30]. It was observed that the smallest colloids of a plume preferentially attach onto the fracture walls, whereas the largest
colloids are transported faster and further through the
fracture. It was also shown that a distribution of colloid diameters increases plume spreading (elongated
breakthrough curves).
The governing partial differential equations for
transport in a fracture are linear with respect to
the dependent variable (i.e., colloid concentration).
Therefore, analytical solutions to polydisperse colloid
transport in a fracture can be derived from corresponding analytical solutions to monodisperse colloid
transport through use of the superposition principle.
In the present study, two sets of boundary conditions
are considered: instantaneous injection and a constant concentration inlet boundary condition. Initially,
there are no colloids in the fractures. Solutions are
developed subject to both inlet boundary conditions
without filtration as well as when colloids irreversibly
and reversibly attach onto the fracture walls. It should
be noted that the analytical solutions presented in
this work are applicable to any distribution of colloid
sizes, but model simulations are presented here for
one monodisperse and three log-normal polydisperse
distributions.

2. Development of models
2.1. Governing transport equations
Consider the miscible displacement of a fluid
initially free of colloids by another fluid containing hard colloids of neutral buoyancy within a
fracture formed by two semi infinite, non-porous,
parallel plates of unit depth as shown in Fig. 1.
The governing equations for colloid transport in
this fracture account for advection, diffusion, and
colloid accumulation at the fracture walls and are
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Fig. 1. Schematic illustration of the fracture considered in this study.

given by:
∂ndp (x, z, t)
∂t

= Ddp


∂2 ndp (x, z, t)
∂x2

− u(z)
∂n∗dp
∂t

= ∓ Ddp

∂ndp (x, z, t)
∂x

∂ndp (x, ± b/2, t)
∂z

,

+
,


∂2 ndp (x, z, t)
∂z2

spherical particle in the absence of interaction with
other colloids is given by the Stokes–Einstein diffusion equation [34] (p. 513):
Ddp =

(1)
(2)

where nd p is the temporally and spatially varying number density (concentration) of colloids with diameter
dp ; n∗dp is the time and space dependent number of
attached colloids per unit surface area of the fracture
wall; Ddp is the molecular diffusion coefficient of a
colloid with diameter dp ; u(z) is the local interstitial
fluid velocity; x is the coordinate in the axial or flow
direction; and z is the coordinate perpendicular to the
walls of the fracture with its origin at the center of
the fracture. The ∓ sign in Eq. (2) accounts for the
rate of change in colloid concentration due to diffusive flux at z = ± b/2. It is assumed that a fully developed Poiseuille velocity distribution exists within the
fracture defined by [31] (p. 392).

 z 2 
u(z) = Umax 1 − 4
,
(3)
b
with mean fluid velocity 2Umax /3; where Umax is the
maximum, or centerline, velocity of the interstitial
fluid; and b is the aperture of the fracture. Although
colloid concentrations greater than 20% by volume
tend to blunt the parabolic velocity [32,33], it is assumed here that colloid concentrations do not affect
the velocity. The molecular diffusion coefficient of a

kT
,
3πηdp

(4)

where k is Boltzmann’s constant; T is the absolute
temperature and η is the dynamic viscosity of the
interstitial fluid. Furthermore, it is assumed that the
fluid density and dynamic viscosity are constant
and that gravitational effects are negligible. For low
ionic strength suspending fluids (<0.1 M), it has
been shown that coagulation is minimal, therefore
particle–particle interactions are neglected [35]. It
should be noted that hydrodynamic, gravitational, van
der Waals, and electrostatic forces are not included in
the calculation of colloid velocity and colloids are not
allowed to penetrate the fracture walls. The coupled
differential Eqs. (1) and (2) take into account the relationship between suspended colloids within the fracture and colloids attached to the fracture surface. Additionally, we assume the deposition of colloids onto
fracture surfaces neither changes the cross-sectional
area of the fracture nor promotes clogging. Although
no single filtration model can describe all reactions,
Eq. (2) may be used to approximate both irreversible
first order kinetics and instantaneous reversible
reactions.
The formulation of Eqs. (1) and (2) is quite general
and, depending on boundary and initial conditions,
not amenable to an exact analytical solution. In subsequent sections, analytical solutions to various simplified versions of Eqs. (1) and (2) subject to appropriate
boundary and initial conditions are derived.
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2.2. Transport parameters for finitely sized
colloid plumes
2.2.1. Non-attaching or reversibly attaching colloids
In this work, it is assumed that a colloid travels
with a velocity corresponding to the flow velocity at
its centroid due to the surrounding hydraulic gradient.
Because the finite size of a colloid does not allow
it to sample the slowest moving portion of the velocity profile nearest the wall, the effective velocity
of a finitely sized colloid is greater than the mean
fluid velocity. The effective velocity of a colloid
plume has been derived by James and Chrysikopoulos
[27] as

  
dp
2
1 dp 2
Ueff = Umax 1 +
−
.
(5)
3
b
2 b
In view of Eq. (5) it is evident that the effective
velocity of a colloid plume increases with increasing
colloid diameter because colloids may not be larger
than the fracture aperture (dp /b < 1).
Following Taylor–Aris procedures, it is assumed
that the only contributors to colloid dispersion in a
fracture are the fully developed Poiseuille flow in the
axial direction, transverse diffusion, and colloid–wall
surface reactions. Although the parabolic velocity
profile creates fluid shear in the z–direction, solutions
for average colloid number concentrations derived
here are independent of z because the average colloid
concentration is determined by integrating the colloid concentration across the aperture of the fracture.
Consequently, colloid plume movement resembles
plug flow even in the presence of fully developed
Poiseuille flow. The difference between a parabolic
velocity profile and plug flow conditions on colloid
transport lies in the spreading of the colloids. Under
plug flow conditions, the molecular diffusion coefficient may be orders of magnitude smaller than the
effective dispersion coefficient.
The Taylor dispersion coefficient of a non-reactive
solute in a uniform fracture is given by [36,37,28]
DTaylor = Ddp +

2 b2
2 Umax
,
945 Ddp

(6)

For finitely sized particles, a modified form of the
Taylor dispersion coefficient must be used. The effective dispersion coefficient for a plume of colloids with

diameter dp is [27]

2 b2 
dp 6
2 Umax
Deff = Ddp +
1−
.
945 Ddp
b

(7)

It should be noted that Eqs. (5) and (7) are steady
state values reached after a period of time on the order
of colloid molecular diffusion time across the channel,
which is about 10,000 s (3 h) for fractures examined
in this work [38] (eq. 13).
2.2.2. Irreversibly attaching colloids
Effective parameters for solute transport in cylindrical tubes and channels with simple wall geometries
subject to irreversible attachment have been derived
in numerous works [16,39–41]. In this section, we
present effective parameters appropriate for the transport of finitely sized colloids undergoing irreversible
attachment onto fracture walls.
The first order effective decay coefficient arising
from irreversible solute attachment at the fracture
walls was derived by Dijk and Berkowitz [41] (within
eq. 12) and it is rewritten here in dimensional form:
12Ddp Da
Keff =
,
(8)
b2 6 + Da
where Da is the dimensionless Damköhler number
measuring the ratio of the tendency for reaction over
the tendency for diffusive transport, defined as [42]
(p. 377)
kf b
Da =
,
(9)
Ddp
where kf is the forward filtration rate constant. Note
that Keff is dependent upon Da and when the attachment rate is large, colloid concentrations in the
fracture approach zero and the mass transport process
in the system becomes diffusion controlled [40].
The mean velocity of an irreversibly attaching solute in a fracture derived by Berkowitz and Zhou
[40] (below eq. 21) is modified here to account for
finitely sized colloids by substituting Eq. (5) into the
dimensional form of their expression. The resulting
effective velocity for a plume of finitely sized colloids
undergoing irreversible attachment at the fracture
walls is given as


 
dp
2
1 dp 2
3 Da
Ueff = Umax 1 +
−
+
.
3
b
2 b
10 6 + Da
(10)
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Colloid reactions with fracture walls lead to a depletion of colloids in the slower moving portion of the
velocity profile resulting in a distribution of suspended
colloids weighted in favor of the colloids remaining
in the faster moving region of the flow profile. Thus,
suspended colloids are advected at a velocity greater
than the effective velocity observed in the absence of
colloid attachment.
The dispersion coefficient for an irreversibly attaching solute traveling within a water saturated fracture with uniform aperture was derived by Dijk and
Berkowitz [41] (within eq. 12). Substitution of Eq. (7)
into the dimensionalized form of their expression leads
to the following effective dispersion coefficient for a
plume of finitely sized colloids undergoing irreversible
attachment at the fracture walls:



2
dp 6
2 Umax
7
Da
Deff = Ddp +
1−
−
.
945 Ddp
b
10 6 + Da

moving with the center of mass of the colloid distribution collapsing x and t into a single coordinate
thereby eliminating the transient term in Eq. (1). Let
ξ = x − Ueff t represent the distance along the fracture
from a fluid parcel traveling with velocity equal to the
effective velocity of the colloid plume, Ueff , at time,
t. Applying this transformation yields, after some manipulation, the familiar unsteady dispersion equation
[27]:

n̄dp (±∞, t) = 0,

(14)

(11)

n̄dp (ξ, 0) = n0 δ(ξ),

(15)

From the preceding relationship, it is evident that
increasing Da serves to decrease colloid spreading in
a fracture. Note that if Da = 0 (no wall reaction or
kf = 0), then Eqs. (10) and (11) reduce to Eqs. (5) and
(7), respectively.

3. Analytical solutions
3.1. Instantaneous injection
3.1.1. No colloid attachment
3.1.1.1. Monodisperse colloid plume. Consider the
case where a known number of monodisperse colloids are released instantaneously within a uniform,
water saturated, fracture. Assuming that there are no
colloid–wall interactions, Eq. (2) is eliminated from
the model formulation and n∗dp = 0. A solution may
be found for average colloid concentration across the
fracture given by:
n̄dp (x, t) =

1
b

b/2
−b/2

ndp (x, z, t)dz.

(12)

Eq. (1) may be simplified through a transformation of coordinates. A quasi-steady state assumption is
made by considering only advection across the plane

∂n̄dp (ξ, t)
∂t

= Deff

∂2 n̄dp (ξ, t)
∂ξ 2

,

(13)

where Deff defined in Eq. (7) describes the spreading
of the plume with respect to the moving coordinate ξ.
For an instantaneous injection of monodisperse colloid
at the inlet of a semi-infinite fracture, the appropriate
boundary and initial conditions are:

where no represents the initial number of monodisperse colloids injected into the fracture per cross-sectional area of the fracture (plane source); and δ(ξ) is
the Dirac delta function. The combination of boundary and initial conditions, Eqs. (14) and (15), describe
an instantaneous release of colloids. Boundary condition Eq. (14) states that the fracture system is infinite
and the concentration of colloids infinitely far downstream from the inlet is always zero. Note that for the
case of instantaneous colloid injection, no has units of
colloids per cross-sectional area of the fracture while
δ(ξ) has units of inverse length. The analytical solution to Eq. (13) subject to Eqs. (14) and (15) has been
derived by Carslaw and Jaeger [43] (p. 259) and it is
presented here as a function of the original variable
x = ξ + Ueff t as follows:


no
(x − Ueff t)2
exp
.
(16)
n̄dp (x, t) =
4Deff t
(4Deff )1/2
Although the preceding solution is well known, its
physical meaning and application to the transport of
finitely sized colloids through use of the new definitions of Ueff and Deff for colloids of diameter dp is
novel.
3.1.1.2. Polydisperse colloid plume. When polydisperse colloid plumes are considered, the initial
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number concentration of colloids introduced into the
fracture consisting of several discrete initial number sub-concentrations of colloids with diameter dp ,
No (dp ), is used in Eq. (15). Because the boundary
conditions and domain of the solution are identical
for all colloids, regardless of size, the solution for
each colloid size may be added.
In view of the analytical solution for a monodisperse colloid distribution given by Eq. (16) with no replaced by No (dp ), the analytical solution for the polydisperse colloid distribution is obtained by summing
the individual solutions corresponding to each discrete
No (dp ):


No d p
(x − Ueff t)2
n̄dp (x, t) =
exp −
.
4Deff t
(4Deff )1/2
dp

(17)
For a continuous distribution of colloid diameters,
the initial number concentration of polydisperse colloids is expressed as
nodp =

∞

npdf ddp ,

(18)

0

where npdf is an appropriate probability density function for polydisperse colloids. Consequently, the analytical solution for a continuous distribution of instantaneously injected polydisperse colloids is obtained
from Eq. (17) by replacing the summation with integration over the entire range of colloid sizes in the
polydisperse colloid distribution and replacing No (dp )
with nodp as follows:


∞
npdf
(x − Ueff t)2
n̄dp (x, t) =
ddp .
exp −
1/2
4Deff t
0 (4Deff )

3.1.2. Irreversible colloid attachment
3.1.2.1. Monodisperse colloid plume. Colloids present in environmental systems have physicochemical
properties that allow them to react with the media in
which they reside. Consequently, colloid wall reactions (attachment) can be important processes affecting their transport. The colloid concentration attached
onto fracture walls is determined through solution to
Eq. (2).
The local linear irreversible rate of colloid filtration as a function of the average colloid concentration
across the fracture can be expressed as [26]
∂n∗dp (x, t)
∂t

(20)

where kf is the forward filtration rate constant that is
often expressed as a function of colloid diameter [46].
In view of Eq. (20), the governing Eq. (2), can be
rewritten as
∂ndp (x, ± b/2, t)
Ddp
= ∓ kf n̄dp (x, t).
(21)
∂z
The preceding equation expresses the attachment of
colloids onto the fracture walls as a function of average colloid concentration across the fracture, colloid
diffusion coefficient, and filtration rate.
Following the work of Johns and DeGance [39],
each term of the governing transport equation, Eq. (1),
is averaged across the fracture according to Eq. (12),
yielding the following differential equation for the average colloid concentration:


∂n̄dp (x, t)
∂2 n̄dp (x, t) ∂ndp (x, ± b/2, t)
= Ddp
+
∂t
∂z
∂x2
−

(19)
Employing Eqs. (5) and (7) in Eq. (19) yields an
integral equation expressing the temporally and spatially varying colloid concentration of a polydisperse
colloid plume within a water saturated fracture with
uniform aperture that is a function of the distribution
of colloid diameters. In practice, the upper limit of integration in Eq. (19) need only be evaluated to b. It
should be noted that because Eq. (13) can be reformulated as an initial value problem, concentration in
the fracture for any distribution of colloids introduced
anywhere along the x-axis may be solved [44,45].

= kf n̄dp (x, t),

∂
∂x

b/2
−b/2

u(z)ndp (x, z, t)dz.

(22)

Substitution of Eqs. (2) and (3) into Eq. (22) yields
the following 1D advection–diffusion equation with
first-order decay term [47] (Eq. (3.4))
∂n̄dp (x, t)
∂t

= Deff

∂2 n̄dp (x, t)
∂x2

+ Keff n̄dp (x, t),

− Ueff

∂n̄dp (x, t)
∂x
(23)

where the effective decay, advection, and dispersion
constants are given by Eq. (8), Eq. (10), and Eq. (11),
respectively.
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Similarly to the case of no colloid attachment and
following the work of James and Chrysikopoulos [27],
the preceding transport equation, (Eq. 23), can be manipulated to yield the unsteady diffusion equation with
decay:
∂n̄dp (ξ, t)
∂t

= Deff

∂2 n̄dp (ξ, t)
∂ξ 2

− Keff n̄dp (ξ, t).

(24)

Substituting n̄dp (ξ, t) = n̄ˆ dp exp (−Keff t) into the
preceding equation results in an equation equivalent
to Eq. (13) in n̄ˆ dp where the effective decay and
dispersion constants are given by Eqs. (8) and (11),
respectively.
Upon back substitution of the transformed average
colloid concentration, the solution to Eq. (24) subject
to boundary and initial conditions Eqs. (14) and (15) is


no
(x−Ueff t)2
n̄dp (x, t) =
exp −Keff t −
.
4Deff t
(4Deff t)1/2
(25)
3.1.2.2. Polydisperse colloid plume. In view of
Eq. (18), the analytical solution, Eq. (25), for monodisperse colloids, replacing no with nodp , is integrated to
yield
n̄dp (x, t) =

∞
0

npdf
(4Deff t)1/2



(x − Ueff t)2
× exp −Keff t −
ddp ,
4Deff t
(26)
where Keff , Ueff , and Deff are defined in Eq. (8),
Eq. (10), and Eq. (11), respectively.
3.1.3. Reversible colloid attachment
3.1.3.1. Monodisperse colloid plume. Changes in
interstitial solution chemistry or varied hydraulic
gradients within the fracture may contribute to the
resuspension of previously deposited colloids. Consequently, we consider the case where colloids are
allowed to reversibly attach onto fracture walls. It
is assumed that local chemical equilibrium exists
throughout the system. For simplicity, the following
linear isotherm is used to express the relationship
between the average number of colloids in solution and the number of colloids attached onto the
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solid surface
n∗dp (x, t) = kr n̄dp (x, t),

(27)

where kr is the surface distribution coefficient. Taking
the derivative of both sides of Eq. (27) with respect to
time yields the desired expression for the time dependent attachment of colloids onto the fracture surface
∂n∗dp (x, t)
∂n̄dp (x, t)
= kr
.
(28)
∂t
∂t
There is no closed form analytical solution to the
coupled governing Eqs. (1) and (2), subject to a constant concentration of colloids at the inlet and reversible wall attachment. However, for the special case
where the colloid concentration is averaged across the
fracture (eliminating the z coordinate), the following
1D advection–dispersion equation approximates the
transport of finitely sized colloids along a uniform
aperture fracture [48] (p. 477):
∗
2 ∂ndp (x, t)
+
∂t
b
∂t
∂2 n̄dp (x, t)
∂n̄dp (x, t)
= Deff
− Ueff
.
(29)
2
∂x
∂x
The preceding equation is a consequence of mass
conservation applied to the average colloid concentration within the fracture. It is a better approximation
at larger distances and times because the relative effects of axial molecular diffusion on the solution become negligible. The factor of two in front of the rate
of change of attached colloids per unit fracture surface area arises from colloids reversibly attaching onto
both walls of the fracture. Substituting Eq. (28) into
Eq. (29) yields

∂n̄dp (x, t)

R

∂n̄dp (x, t)
∂t

= Deff

∂2 n̄dp (x, t)
∂x2

− Ueff

∂n̄dp (x, t)
∂x

,
(30)

where Ueff and Deff are given by Eqs. (5) and (7),
respectively; and the retardation factor, R, is given by
kr
(31)
R=1 + 2 .
b
Using the same coordinate transfer used to generate
Eq. (13), Eq. (30) is reformulated as
R

∂n̄dp (ξ, t)
∂t

= Deff

∂2 n̄dp (ξ, t)
∂ξ 2

,

(32)
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which, subject to Eqs. (14) and (15), has solution


no
(Rx − Ueff t)2
n̄dp (x, t) =
exp −
,
4RDeff t
(4Deff t)1/2
(33)
that accounts for finitely sized colloids through Ueff
and Deff . Note that when there is no wall reaction
(kr = 0), the retardation factor is one and Eq. (33) reduces to Eq. (16).
3.1.3.2. Polydisperse colloid plume. In view of
Eq. (18) and replacing no with nodp , the analytical solution, Eq. (33), for monodisperse colloids using the
size dependent effective velocity and effective dispersion coefficient given by Eqs. (5) and (7), respectively,
is integrated yielding the following expression for
the time and space dependent number concentration
of polydisperse colloids subject to linear reversible
attachment at the fracture walls
n̄dp (x, t) =

∞

npdf

(4Deff t)1/2


(Rx − Ueff t)2
× exp −
ddp .
4RDeff t
0

(34)

3.2. Constant concentration injection
3.2.1. No colloid attachment
3.2.1.1. Monodisperse colloid plume. Berkowitz
and Zhou [40] have presented a solution for the specific case of solute transport in a channel formed
between two parallel plates with a constant concentration inlet boundary condition. In this section,
their model is extended to the more general case
of transport of finitely sized, monodisperse colloids
given constant concentration injection. The unsteady
dispersion equation, Eq. (13), is again solved analytically for an average colloid concentration across the
fracture (and not the local nd p ). For the case when a
fracture is initially free of colloids, with a constant
concentration of colloids at the inlet, and without
colloid reactions at the fracture walls, the appropriate
boundary and initial conditions are:
n̄dp (0, t) = no ,

(35)

n̄dp (∞, t) = 0,

(36)

n̄dp (ξ, 0) = 0,

(37)

where no is the total number of monodisperse colloids
per unit fracture volume (concentration). The analytical solution to Eq. (13) subject to Eqs. (35)–(37) may
be found using Laplace transform techniques [49]. It
is presented here in a form that accounts for the finite
size of the colloids as




no
x − Ueff t
xUeff
n̄(x, t) =
erfc
+ exp
2
Deff
2(Deff t)1/2


x + Ueff t
× erfc
,
(38)
2(Deff t)1/2
where Ueff and Deff are given by Eqs. (5) and (7),
respectively.
3.2.1.2. Polydisperse colloid plume. Replacing no
with nodp and using Eq. (18), the analytical solution,
Eq. (38), for monodisperse colloids is integrated to
yields the normalized concentration of polydisperse
colloids in the absence of colloid attachment onto the
fracture walls:


1 ∞
x − Ueff t
n̄dp (x, t) =
npdf erfc
2 0
2(Deff t)1/2




xUeff
x + Ueff t
+ exp
erfc
ddp .
Deff
2(Deff t)1/2
(39)
The size dependent values for the effective velocity
and effective dispersion coefficient given by Eqs. (5)
and (7), respectively, should be used in the preceding
equation. In both Eqs. (38) and (39), the term involving
the exponential function is non-zero only for small x or
t where axial molecular diffusion affects the solution.
3.2.2. Irreversible colloid attachment
3.2.2.1. Monodisperse colloid plume. Performing
the same integration across the fracture aperture as
in Eq. (22) with subsequent substitution of Eqs. (3)
and (2) yields the following 1D advection–diffusion
equation with first order decay term
∂n̄dp (x, t)
∂t

= Deff

∂2 n̄dp (x, t)
∂x2

− Keff n̄dp (x, t),

− Ueff

∂n̄dp (x, t)
∂x
(40)
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where the effective decay, advection, and dispersion
constants are given by Eq. (8), Eq. (10), and Eq. (11),
respectively.
The solution to Eq. (40) subject to the following
constant concentration inlet boundary and initial conditions
n̄dp (0, t) = no ,

(41)

n̄dp (∞, t) = 0,

(42)

n̄dp (x, 0) = 0,

(43)

is given by Berkowitz and Zhou [40], (Eq. (21)):




xUeff
x
no
exp
exp −
n̄(x, t) =
2
2Deff
2Deff




x
x − t
+
exp
× erfc
2Deff
2(Deff t)1/2


x + t
× erfc
,
(44)
2(Deff t)1/2

1/2
2
 = Ueff
+ 4Keff Deff
,
(45)
where, for the case of finitely sized colloids undergoing irreversible attachment at the fracture walls considered here, Keff , Ueff , and Deff are given by Eq. (8),
Eq. (10), and Eq. (11), respectively.
3.2.2.2. Polydisperse colloid plume. In view of
Eq. (18), the analytical solution, Eq. (44), for monodisperse colloids, replacing no , with nodp , is integrated
to yield


1 ∞
xUeff
n̄dp (x, t) =
npdf exp
2 0
2Deff




x − t
x
erfc
× exp −
2Deff
2(Deff t)1/2




x
x + t
+ exp
erfc
ddp
2Deff
2(Deff t)1/2
(46)
where Keff , Ueff , Deff , and  are defined in Eq. (8),
Eq. (10), Eq. (11), and Eq. (45), respectively. The second term inside the integral of the preceding equation
rapidly diminishes for increasing x or t.
3.2.3. Reversible colloid attachment
3.2.3.1. Monodisperse colloid plume. The solution
to Eq. (30) subject to boundary and initial conditions
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Eqs. (41)–(43) was tabulated by van Genuchten and
Alves [49] and it is presented here in a form that accounts for finitely sized colloids


no
Rx − Ueff t
erfc
n̄dp (x, t) =
2
2(RDeff t)1/2




xUeff
Rx + Ueff t
+ exp
erfc
,
Deff
2(RDeff t)1/2
(47)
through Ueff and Deff which are given by Eqs. (5) and
(7), respectively. Note that when there is no wall reaction (kr = 0) the retardation factor is one and Eq. (47)
reduces to Eq. (38).
3.2.3.2. Polydisperse colloid plume. Replacing no
by nodp defined by Eq. (18), using the size dependent
effective velocity effective dispersion given by Eqs. (5)
and (7), respectively, and integrating Eq. (47) over
all colloid sizes results in the following expression for number concentration of polydisperse colloids subject to linear reversible attachment at the
fracture walls


Rx − Ueff t
1 ∞
n̄dp (x, t) =
npdf erfc
2 0
2(RDeff t)1/2




Rx + Ueff t
xUeff
erfc
ddp .
+ exp
Deff
2(RDeff t)1/2
(48)
A summary of all governing equations, boundary,
and initial conditions employed for each case, and their
respective solutions is presented for polydisperse colloids subject to instantaneous injection in Table 1 and
a constant concentration inlet boundary condition in
Table 2. Note that any appropriate probability density
function npdf can be employed with the analytical solutions for polydisperse colloid transport in saturated
fractures derived here.

4. Discussion
Colloids found in natural environments are generally not of a single size; rather, they have a distribution
of sizes [50,51]. Ledin et al. [52] measured naturally
occurring colloids in deep groundwater from Äspö,
Sweden and determined them to have a log-normal
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Table 1
Analytical solutions for polydisperse colloid transport in saturated fractures subject to an instantaneous inlet boundary condition
Model

Analytical solution

∂n̄dp (ξ, t)
∂t

= Deff



npdf
(x − Ueff t)2
exp
−
ddp
1/2
4Deff t
0 (4πDeff t)


 
dp
2
1 dp 2
Ueff = Umax 1 +
−
3
b
2 b

2 b2 
dp 6
2 Umax
Deff = Ddp +
1−
945 Ddp
b

∂2 n̄dp (ξ, t)

n̄dp (x, t) =

∂ξ 2

ξ = x − Ueff t

∂n̄dp (ξ, t)
∂t

= Deff

∂2 n̄dp (ξ, t)
∂ξ 2


npdf
exp −Keff t −
1/2
0 (4πDeff t)

 
dp
2
3
1 dp 2
Ueff = Umax 1 +
+
−
3
b
2 b
10


2 b2 
dp 6
2 Umax
Deff = Ddp +
1−
−
945 Ddp
b
12Ddp Da
Keff =
b2 6 + Da
n̄dp (x, t) =

− Keff n̄dp (ξ, t)

ξ = x − Ueff t

∂n̄dp (ξ, t)
∂t
ξ=x −

= Deff

∞


(x − Ueff t)2
ddp
4Deff t

Da
6 + Da

7
Da
10 6 + Da



npdf
(Rx − Ueff t)2
exp
−
ddp
1/2
4RDeff t
0 (4πDeff t)


 
dp
2
1 dp 2
Ueff = Umax 1 +
−
3
b
2 b

2 b2 
dp 6
2 Umax
1−
Deff = Ddp +
945 Ddp
b
kr
R=1 + 2
b

∂2 n̄dp (ξ, t)

n̄dp (x, t) =

∂ξ 2

Ueff t
R

distribution of diameters given by:


 
no
1 ln dp − λ 2
npdf = 
,
exp −
2
ζ
2ζdp

∞

(49)

where λ is the mean of colloid log-diameters; ζ 2 is the
variance of the colloid log-diameters. In this work the
mean colloid diameter is represented by µ = exp(λ +
0.5ζ 2 ) and the standard deviation of the colloid diam2
eter by σ = µ(eζ −1)1/2 [53]. The initial concentration of polydisperse colloid in a plume is determined
by integrating the preceding equation over all colloid
diameters in the distribution.
For the model simulation presented in this work
four different colloid distributions consisting of
no = nodp = 10,000 colloids m−3 are considered—
well below the limit of 1016 colloids m−3 where
colloid–colloid interactions affect their transport [54].
One distribution is composed of monodisperse col-

∞

loids with diameter dp = 1 m. The other three polydisperse colloid distributions comprise colloids with
log-normally distributed diameters, all with mean
colloid diameter µ = 1 m, but increasing standard
deviations of σ = 0.3, 0.6 and 0.9 m. It is assumed
that the fracture has an aperture of b = 1 × 10−4 m
and the maximum centerline velocity of tile interstitial fluid is Umax = 1 × 10−6 m s−1 , corresponding
to values typical of fractured subsurface media [55].
The results from the model simulations are presented
as space and time dependent colloid concentrations in
the form of snapshots in time, or breakthrough curves.
The snapshots are taken after 5,000 h of transport
time in the system, while the breakthrough curves
are provided at a distance of 12 m from the colloid
injection point. Note that for a Poiseuille velocity
profile with Umax = 1 × 10−6 , m s−1 , parcel of fluid
moving with the average velocity will travel 12 m in
5,000 h.
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Table 2
Analytical solutions for polydisperse colloid transport in saturated fractures subject to a constant concentration inlet boundary condition
Model
∂n̄dp (ξ, t)
∂t

Analytical solution
= Deff



x − Ueff t
npdf erfc
2(Deff t)1/2
0




x + Ueff t
xUeff
erfc
ddp
+ exp
1/2
Deff
2(Deff t)

 2 
dp
1 dp
2
−
Ueff = Umax 1 +
3
b
2 b

2 b2 
dp 6
2 Umax
1−
Deff = Ddp +
945 Ddp
b

∂2 n̄dp (ξ, t)

n̄dp (x, t) =

∂ξ 2

ξ = x − Ueff t

∂n̄dp (x, t)
∂t

= Deff

∂2 n̄dp (x, t)
∂x2

− Ueff

∂n̄dp (x, t)
∂x

n̄dp (x, t) =

− Keff n̄dp (x, t)

1
2

∞




x
xUeff
× exp −
2Deff
2Deff
0






x − t
x
x + t
× erfc
+
exp
erfc
ddp
2(Deff t)1/2
2Deff
2(Deff t)1/2
1
2

∞



npdf exp

2 + 4K D )1/2
 = (Ueff
eff eff



 
dp
2
1 dp 2
3
Da
Ueff = Umax 1 +
−
+
3
b
2 b
10 6 + Da


6
2
2
dp
Da
2 Umax b
7
Deff = Ddp +
1−
−
945 Ddp
10 6 + Da
b
12Ddp Da
Keff =
b2 6 + Da
R

∂n̄dp (x, t)
∂t

= Deff

∂2 n̄dp (x, t)
∂x2

− Ueff

∂n̄dp (x, t)
∂x

∞



Rx − Ueff t
2(RDeff t)1/2
0




xUeff
Rx + Ueff t
+ exp
erfc
ddp
Deff
2(RDeff t)1/2


 
dp
2
1 dp 2
Ueff = Umax 1 +
−
3
2 b
b

2 b2 
dp 6
2 Umax
Deff = Ddp +
1−
945 Ddp
b
kr
R=1 + 2
b

n̄dp (x, t) =

Fig. 2(a) illustrates snapshots of nd p evaluated by
Eq. (16) for the monodisperse and by Eq. (19) for the
polydisperse colloid distributions 5000 h after instantaneous injection because of the instantaneous inlet
boundary condition, colloid concentration is presented
rather than normalized colloid concentration. Note that
the shape of the concentration profile change with the
value of σ. A large σ implies a wide range of colloid
diameters with a many number of small colloids and a
few large colloids. These few largest colloids experience the greatest mean velocity and travel at the front
of the concentration curve. Conversely, the many small

1
2



npdf erfc

colloids contribute to a slower moving peak concentration that lags the peak concentration of the monodisperse distribution. Fig. 2(b) shows normalized breakthrough curves evaluated by Eqs. (16) and (19) 12
m from the instantaneous injection point. Because of
the increased range of colloid sizes for plumes with
larger σ, the colloid distribution with σ = 0.9 m contains the largest and smallest, colloids considered. The
early initial breakthrough of this plume is attributed to
the increased effective velocity of the largest colloids
while complete breakthrough of this plume is delayed
because of the many small colloids.
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Fig. 2. Colloid concentration (a) snapshots and (b) breakthrough curves generated from Eqs. (16) and (19) for 10,000 colloids instantaneously
injected at t = 0 into a fracture with Umax = 1 × 10−6 m s−1 and b = 1 × 10−4 m. Three of the plumes are polydisperse and consist of
colloids with log-normally distributed diameters of µ = 1 m and σ = 0.3, 0.6 and 0.9 m, while the fourth plume is monodisperse with
colloids with diameter 1 m. The snapshots of colloid concentrations were evaluated 5,000 h after injection and breakthrough curves were
determined 12 m downstream from the colloid injection location.

Colloid concentration snapshots evaluated by
Eq. (25) for the monodisperse and by Eq. (26) for
the polydisperse colloid distributions subject to instantaneous concentration injection and irreversible
colloid attachment onto the fracture walls are shown
in Fig. 3(a). Compared to Fig. 2, the colloid plumes
in Fig. 3 show decreased concentrations (note scale
change oil abscissa) and a slight increase in velocity
according to Eq. (10). A constant Domköhler number
of 10−3 was used in these simulations because larger

values imply a larger Keff with possible deposition
of entire size ranges by 5,000 h. Selecting a constant
Domköhler number results in a forward filtration rate
coefficient, kf , that is a function of colloid size. Because the Domköhler number, Eq. (9), describes the
relative effect of reaction to that of molecular diffusion on colloid transport and because a smaller colloid
has a larger molecular diffusion rate, a small colloid
will have a proportionally large forward filtration
rate coefficient (inversely proportional to the colloid

Fig. 3. Colloid concentration (a) snapshots and (b) breakthrough curves generated from Eqs. (25) and (26) for instantaneous injection and
irreversible filtration (here Umax × 10−6 m s−1 , b = 1 × 10−4 m, Da = 1 × 10−3 , and t = 5000 h or x = 12 m).
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Fig. 4. Colloid concentration (a) snapshots and (b) breakthrough curves evaluated by Eqs. (33) and (34) for instantaneous injection and
reversible filtration (here Umax = 1 × 10−6 m s−1 , b = 1 × 10−4 m, kr = 1 × 10−5 , and t = 5,000 h or x = 12 m).

diameter). Note the decreasing colloid concentration
with increasing σ (more small colloids) of the injected colloid distribution Fig. 3(b) illustrates the colloid breakthrough curves evaluated from Eqs. (25)
and (26). It is evident that increasing σ leads to increased colloid attachment onto the fracture walls. The
plume with the highest σ contains the greatest number
of small colloids (with large kf ). Small colloids with
large forward filtration rate coefficients preferentially
attach onto the fracture walls leading to a decreased
plume concentration for the colloid distribution with
the largest σ at a distance of 12 m from injection.

The colloid concentrations evaluated by Eq. (33)
for the monodisperse and by Eq. (34) for the polydisperse colloid distributions subject to instantaneous
injection and reversible attachment after 5,000 h of
simulation time are shown in Fig. 4(a). A retardation factor of R = 1.2 with kr = 1 × 10−5 m was used.
The reversible attachment process serves to retard the
propagation of the colloid concentration fronts (note
the decreased colloid concentrations between Fig. 2(a)
and Fig. 4(a) at 12 m). Fig. 4(b) illustrates the four
colloid concentration plumes evaluated by Eqs. (33)
and (34). It should be noted that for the conditions

Fig. 5. Normalized colloid concentration (a) snapshots and (b) breakthrough curves evaluated by Eqs. (38) and (39) for a constant
concentration inlet boundary condition accounting for reversible colloid–wall reactions (here Umax = 1 × 10−6 m s−1 , b = 1 × 10−4 m,
kr = 1 × 10−5 , and t = 5,000 h or x = 12 m).
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Fig. 6. Normalized colloid concentration (a) snapshots and (b) breakthrough curves evaluated by Eqs. (44) and (46) for a constant
concentration inlet boundary condition accounting for irreversible colloid–wall reaction (here Umax = 1 × 10−6 m s−1 , b = 1 × 10−4 m,
Da = 1 × 10−3 , and t = 5,000 h or x = 12 m).

considered here, the time required for the colloid
plumes to achieve complete breakthrough at a distance of 12 m from the colloid injection point is
greater than for the case of non-attaching colloids
shown in Fig. 2(b).
Fig. 5(a) shows normalized colloid concentration
fronts evaluated by Eq. (38) for the monodisperse and
by Eq. (39) for the polydisperse colloid distributions
5,000 h after the initiation of constant concentration
injection. Note that the steepest concentration front
is exhibited by the monodisperse colloid distribution.

Increasing σ increases the dispersion of the plume
because polydisperse plumes have a greater range of
effective colloid velocities and effective dispersion
coefficients. The corresponding normalized colloid
concentration breakthrough curves 12 m from the
fracture inlet are evaluated by Eq. (38) or Eq. (39)
are illustrated in Fig. 5(b). Again, note the increasing dispersion of colloid distributions with increasing
standard deviation.
Normalized colloid concentration fronts evaluated
by Eq. (44) for the monodisperse and by Eq. (46) for

Fig. 7. Normalized colloid concentration (a) snapshots and (b) breakthrough curves evaluated by Eqs. (47) and (48) for a constant
concentration inlet boundary condition accounting for reversible colloid–wall reaction (here Umax = 1 × 10−6 m s−1 , b = 1 × 10−4 m, and
kr = 1 × 10−5 m, and t = 5,000 h or x = 12 m).
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the polydisperse colloid distributions subject to constant concentration injection and irreversible colloid
attachment (Da = 1 × 10−3 ) are shown in Fig. 6(a).
Similarly to the case with instantaneous injection
and irreversible attachment, there is decreasing colloid concentration with increasing σ, Fig. 6(b) illustrates the colloid breakthrough curves evaluated from
Eqs. (44) and (46). Again, increasing σ results in
increased colloid attachment.
The normalized colloid concentration fronts evaluated by Eq. (47) for the monodisperse and by Eq. (48)
for the polydisperse colloid distributions subject to
constant concentration injection and reversible attachment after 5,000 h are shown in Fig. 7(a). Again,
a retardation factor of R = 1.2 with kr = 1 × 10−5
m was employed. The reversible attachment process
serves retards the propagation of the colloid concentration fronts. Fig. 7(b) illustrates four normalized colloid concentration breakthrough curves evaluated by
Eqs. (47) and (48). Note the increased time required
for the colloids to reach 12 m compared to Fig. 5(b).

5. Comparison with experimental data
An effort has been made to compare the analytical
results derived in this work to available experimental data. Unfortunately, no experimental data could be
found for the case of polydisperse colloid transport.
However, Bales et al. [56] have experimentally studied
virus transport in fractured rock. In their experiment
a constant concentration of suspended f2 coliphages
(diameter 2.3 × 10−8 m) was introduced at the inlet of
a 19 cm long natural fracture at a volumetric flow rate
of 1.83 × 10−10 m3 s−1 . The effective cross-sectional
area of the fracture was calculated by dividing the estimated volume of the fracture by the measured effective
aperture and found to be 8.65 × 10−6 m2 . Although the
effective porosity was reported as 0.23, the coliphages
are considered large enough that penetration of the
rock matrix is negligible. This experimental procedure
can be most accurately compared to the solution for a
constant concentration injection of monodisperse colloids without reaction at the fracture walls given by
Eq. (38) with Ueff and Deff evaluated by Eqs. (5) and
(7), respectively. Because the experimental fracture
was of natural rock with non-uniform aperture, the analytical results based on a uniform fracture may not be
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Fig. 8. Comparison of experimental data from Bales et al. [56]
and the analytical solution Eq. (38) for f2 coliphage (monodisperse
colloids plume) transport in a natural fracture in the absence of
colloid–wall reaction (here b = 1.33 × 10−4 m, dp = 2.3 × 10−8 m,
Ū=2Umax /3 = 1.83 × 10−5 m s−1 , and x = 0.19 m).

directly applicable to this case. Nevertheless, a least
squares procedure [57] was used to fit the experimental data using the calculated effective cross-sectional
area of the fracture as the dependent variable. This
procedure yielded an estimate of 1.00 × 10−5 m2 for
the effective cross-sectional fracture area, similar to
the one suggested by Bales et al. [56]. Dividing the
volumetric flow rate by the fitted value of the effective cross-sectional area yields a mean fluid velocity
within the fracture of Ū = 2Umax /3 = 1.83 × 10−5 m
s−1 . Fig. 8 clearly shows a good agreement between
the model prediction (solid curve) and the experimental data (bullets). It is expected that if the coliphages
were considered infinitesimally small that their effective velocity would decrease and their dispersivity increase according to Eqs. (5) and (7), respectively, resulting in a decreased estimate of cross-sectional area
required to match the experimental data.
6. Summary
Analytical solutions describing the transport of monodisperse and polydisperse colloid plumes through a
single fracture with uniform aperture accounting for
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an axial parabolic velocity profile, molecular diffusion, and colloid-wall reaction are derived. It is shown
that the finite size of colloids influences the effective velocity of a colloid plume. Also, because the
molecular diffusion coefficient of a colloid is inversely
proportional to the colloid diameter according to the
Stokes–Einstein equation, and because dispersion is
dependent on the velocity profile, aperture, and molecular diffusion rate, colloid size also affects the overall
rate of dispersion of the colloid plume. The behavior
of the derived solutions is examined for the cases of a
monodisperse and three polydisperse colloid distributions. Based on data gathered from reported field studies, a log-normal distribution of colloid sizes was used
for the polydisperse plumes. A comparison of the analytical solution for instantaneous colloid injection into
a fracture with no reaction at the walls and experimental data for coliphages traveling down a 19 cm natural
fracture is made. Using a non-linear least squares estimate for the fracture cross-sectional area, excellent
agreement between the experimental data and the analytical breakthrough curve was observed.
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npdf
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Appendix A. Nomenclature
b
dp
Deff

fracture aperture (L)
colloid diameter (L)
effective dispersion coefficient for a
plume of finitely sized colloids (L2 t−1 )

n̄
n̄dp

n∗dp
No (dp )

R
t
T
u(z)
Ū
Ueff
Umax

Taylor dispersion coefficient for a
plume of infinitesimally small colloids
(solute) (L2 t−1 )
molecular diffusion coefficient of a
colloid with diameter dp (L2 t−1 )
Damköhler number, defined as kf b/Dd p
Boltzmann’s constant (ML2 t−2 T−1 )
forward filtration rate constant (Lt−1 )
surface distribution coefficient (for
reversible filtration) (L)
effective decay coefficient (t−1 )
number concentration of monodisperse
colloids per unit volume of interstitial
fluid (L−3 )
number concentration of a polydisperse
concentration of a colloid distribution
per unit volume of interstitial fluid (L−3 )
initial number concentration of
monodisperse colloids (L−2 or L−3 )
initial number concentration of a
polydisperse colloid distribution (L−2
or L−3 )
probability density function of
polydisperse colloids (L−3 or L−4 )
average number concentration of
monodisperse colloids across a fracture
per unit volume of interstitial fluid (L−3 )
average number concentration of a
polydisperse colloid distribution across
a fracture per unit volume of interstitial
fluid (L−3 )
number of attached colloids per unit
surface area of the fracture wall (L−2 )
initial number sub-concentration of
colloids with diameter dp in the
polydisperse distribution introduced
into a fracture (L−2 or L−3 )
retardation factor
time (t)
absolute temperature of the interstitial
fluid (T)
local interstitial fluid velocity (Lt−1 )
mean interstitial fluid velocity (Lt−1 )
effective velocity of a colloid plume
(Lt−1 )
maximum interstitial fluid velocity at
the facture centerline in the x-direction
(Lt−1 )
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x
z

coordinate along the fracture length
parallel to the fracture aperture (L)
coordinate perpendicular to the fracture
(L)

Greek letters
δ
Dirac delta function (L−1 )
2
ζ
variance of the log-diameters for a
polydisperse distribution of colloids
η
dynamic viscosity of the interstitial
fluid (ML−1 t−1 )
λ
mean of the log-diameters for a
polydisperse distribution of colloids
µ
arithmetic mean of the diameters for a
colloid plume (L)
ξ
coordinate transformation, equal to
x−Ueff t (L)
σ
standard deviation of the diameters for
a colloid plume (L)

velocity coefficient for constant
concentration inlet colloid transport
subject to irreversible attachment (Lt−1 )
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