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a b s t r a c t
A conceptual mathematical model was developed to describe the simultaneous transport (cotransport) of
viruses and colloids in three-dimensional, water saturated, homogeneous porous media with uniform
ﬂow. The model accounts for the migration of individual virus and colloid particles as well as viruses
attached onto colloids. Viruses can be suspended in the aqueous phase, attached onto suspended colloids
and the solid matrix, and attached onto colloids previously attached on the solid matrix. Colloids can be
suspended in the aqueous phase or attached on the solid matrix. Viruses in all four phases (suspended in
the aqueous phase, attached onto suspended colloid particles, attached on the solid matrix, and attached
onto colloids previously attached on the solid matrix) may undergo inactivation with different inactivation coefﬁcients. The governing coupled partial differential equations were solved numerically using
ﬁnite difference methods, which were implemented explicitly or implicitly so that both stability and
speed factors were satisﬁed. Furthermore, the experimental data collected by Syngouna and Chrysikopoulos [1] were satisfactorily ﬁtted by the newly developed cotransport model.
Ó 2014 Elsevier Ltd. All rights reserved.

1. Introduction
Mathematical modeling of contaminant, colloid and biocolloid
(virus, protozoa, and bacteria) transport in subsurface formations
has captured the attention of several scientists and environmental
engineers, because of the increased public concern and attention
paid to the disposal, movement and fate of contaminants in natural
systems. Groundwater contaminated with pathogenic microorganisms has severe consequences to public health throughout the
world, but particularly in small communities and developing countries, where untreated groundwater is often consumed [2].
Although waterborne diseases can be controlled, outbreaks continue to exist [3]. The majority of the waterborne diseases reported
in the United States during the time period 1971–2006 were associated with cases of groundwater contamination [4]. Therefore,
understanding the transport mechanisms that control biocolloid
migration through subsurface formations is essential for the
protection of public health.
Numerous experimental and theoretical studies have focused
on factors that govern colloid and biocolloid transport in fractured
and porous media [5–21]. Of particular importance is the presence
of colloids suspended in the aqueous phase. It should be noted that
colloids are small particles with size in the range 1 nm to 10 lm
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[22] that occur naturally in practically every aquatic system due
to precipitation of supersaturated phases, mobilization of existing
colloidal phases, well drilling, leaching from the vadose zone, and
dissolution of inorganic cementing agents that bind colloid-size
materials to solid surfaces [23–26]. Colloids remain suspended in
water for long time because they have low sedimentation rate,
and undergo random Brownian motion while carrying surface electric charge. Many pollutants, including biocolloids, in aqueous
media are readily adsorbed/attached onto colloidal particles, which
often act as carriers. Several experimental and theoretical studies
have shown that, depending on the physicochemical conditions
of the fractured and porous media, colloids can either enhance or
hinder the transport of organic and inorganic pollutants [27–45].
Several research groups have developed analytical and numerical mathematical models to describe and predict colloid and biocolloid transport in fractured and porous media [46–56].
Furthermore, a few mathematical models have been developed to
describe facilitated contaminant and biocolloid transport in fractured and porous media [28,57–61].
The objective of the present study is to (a) improve the onedimensional mathematical model for colloid-facilitated bacteria
transport developed by Vasiliadou and Chrysikopoulos [61] for
colloid-facilitated virus transport in three-dimensional, water
saturated, homogeneous porous media with uniform ﬂow, (b) provide an efﬁcient numerical solution to the newly developed virus–
colloid cotransport model, and (c) apply the numerical model to
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Nomenclature
Ci
C i
Cc
C c
Cv
C v
Cvc
C v c
C ðrÞ
c
C ðiÞ
c
C oi
Dxi
Dyi
Dzi
Dei
Diw
Fc
Fv
i
Lx
Ly
Lz
L
Mc
Ms
Mv
nx
Q
r ccðiÞ
r cðrÞ c
r ccðrÞ
r v v 
r v  v

concentration of suspended species i, M/L3
concentration of species i attached onto the solid
matrix, Mi/Ms
concentration of suspended colloids, Mc/L3
concentration of colloids attached onto the solid matrix,
Mc/Ms
concentration of suspended viruses, Mv/L3
concentration of viruses attached onto the solid matrix,
Mv/Ms
concentration of viruses attached onto suspended
colloid particles, Mv/Mc
concentration of virus–colloid particles attached onto
the solid matrix, Mv/Mc
concentration of colloids reversibly attached onto the
solid matrix, Mc/Ms
concentration of colloids irreversibly attached onto the
solid matrix, Mc/Ms
initial concentration of suspended species i, Mi/L3
longitudinal hydrodynamic dispersion coefﬁcient of
species i, L2/t
lateral hydrodynamic dispersion coefﬁcient of species i,
L2/t
vertical hydrodynamic dispersion coefﬁcient of species
i, L2/t
effective diffusion coefﬁcient of species i, L2/t
molecular diffusion coefﬁcient of species i in ﬂuid w
(water), L2/t
general form of colloids source conﬁguration, Mc/L3t
general form of viruses source conﬁguration, Mv/L3t
species c = colloid, v = virus, vc = virus–colloid
length of porous medium (packed column), L
width of porous medium, L
height of porous medium, L
length, L
mass of colloids, Mc
mass of the solid matrix, Ms
mass of viruses, Mv
number of discretization unit cells in the x-direction, (–)
ﬂow rate, L3/t
rate coefﬁcient of irreversible colloid attachment onto
the sold matrix, 1/t
rate coefﬁcient of reversible colloid detachment from
the solid matrix, 1/t
rate coefﬁcient of reversible colloid attachment onto the
sold matrix, 1/t
rate coefﬁcient of virus attachment onto the solid
matrix, 1/t
rate coefﬁcient of virus detachment from the solid
matrix, 1/t

the experimental data for bacteriophage (MS2, UX174) and clay
(kaolinite, montmorillonite) cotransport, published by Syngouna
and Chrysikopoulos [1]. To our knowledge no other three-dimensional colloid and virus cotransport model together with its
efﬁcient and robust numerical solution has neither been presented
in the literature nor has been employed to available experimental
data before.
2. Model development
The proposed colloid facilitated virus transport model assumes
that the colloids partition between the aqueous phase and the solid
matrix, while viruses may attach onto colloidal particles in the aqueous phase, onto the solid matrix, and onto colloids previously at-

r v v c
r v cv
r v v  c 
r v cv  c
r v  c v
r v  c v c
t
tp
U
X
Y
Z

rate coefﬁcient of virus attachment onto suspended
colloid particles, L3/Mct
rate coefﬁcient of virus detachment from suspended
colloid particles, 1/t
rate coefﬁcient of virus attachment onto colloid particles already attached ontothe solid matrix, L3/Mct
rate coefﬁcient of virus–colloid particle attachment
onto the solid matrix, 1/t
rate coefﬁcient of virus detachment from colloid particles attached onto the solid matrix, 1/t
rate coefﬁcient of virus–colloid particle detachment
from the solid matrix, 1/t
time, t
injection time period, t
interstitial velocity, L/t
spatial coordinate in the longitudinal direction, L
spatial coordinate in the lateral direction, L
spatial coordinate in the vertical direction, L

Greek letters
aL
longitudinal dispersivity, L
aT y
transverse (lateral) dispersivity, L
aT z
transverse (vertical) dispersivity, L
d(x)
Dirac delta function, 1/L
h
porosity of the column material, (L3 voids)/(L3 solid matrix)
kv
decay rate of viruses suspended in the liquid phase, 1/t
kv
decay rate of viruses sorbed or attached onto the solid
matrix, 1/t
kv c
decay rate of virus–colloid complexes suspended in the
liquid phase, 1/t
kv c
decay rate of virus–colloid complexes sorbed or attached onto the solid matrix, 1/t
Kv v c
mass accumulation rate due to attachment of suspended viruses onto suspended colloid particles, Mv/L3t
Kv v  c mass accumulation rate due to attachment of suspended viruses onto colloid particles already attached
onto the solid matrix, Mv/L3t
Kv cv
mass accumulation rate due to virus detachment from
suspended colloid particles, Mv/L3t
Kv  c v mass accumulation rate due to virus detachment from
colloid particles attached onto the solid matrix, Mv/L3t
Kv cv  c mass accumulation rate due to attachment of suspended virus–colloid particles onto the solid matrix,
Mv/L3t


Kv c v c mass accumulation rate due to detachment of virus–
colloid particles from the solid matrix, Mv/L3t
qb
bulk density of the solid matrix, Ms/L3
s⁄
tortuosity, (–)

tached onto the solid matrix. Consequently, colloid particles can
be suspended in the aqueous phase C c [Mc/L3], or attached onto
the solid matrix C c [Mc/Ms]. Viruses can be suspended in the aqueous
phase C v [Mv/L3], directly attached onto the solid matrix C v [Mv/Ms],
attached onto suspended colloid particles (virus–colloid particles)
C v c [Mv/Mc], and attached onto colloid particles already attached
onto the solid matrix (or equivalently virus–colloid particles attached onto the solid matrix) C v c [Mv/Mc]. A schematic illustration
of the various types of concentrations considered in the present
mathematical model is given in Fig. 1. To simplify the notation, the
various masses are indicated as follows: Mc is the mass of colloids,
Mv is the mass of viruses, and Ms is the mass of the solid matrix. Also,
the subscripts c, v, and vc represent colloid, virus and virus–colloid,
respectively.
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where rccðrÞ [1/t] is the rate coefﬁcient of reversible colloid attachment onto the solid matrix, and rcðrÞ c [1/t] is the rate coefﬁcient of
reversible colloid detachment from the solid matrix; whereas the
irreversible accumulation term is described by the following nonequilibrium equation [26]:

qb @C ðiÞ
c ðt; x; y; zÞ
h

@t

¼ r ccðiÞ C c ðt; x; y; zÞ

ð8Þ

where rccðiÞ [1/t] is the rate coefﬁcient of irreversible colloid attachment onto the solid matrix.
2.2. Colloid facilitated virus transport equations
Fig. 1. Schematic illustration of the various concentrations accounted for in the
cotransport numerical model.

2.1. Colloid transport equations
The transport of suspended colloid particles in three-dimensional saturated, homogeneous porous media with uniform ﬂow,
accounting for nonequilibrium attachment onto the solid matrix,
is governed by the following partial differential equation [62,63]:

@C c ðt; x;y;zÞ qb @C c ðt;x; y; zÞ
@ 2 C c ðt; x;y;zÞ
@ 2 C c ðt; x;y;zÞ
þ
 Dxc
 Dyc
2
@t
@t
@x
@y2
h
 Dzc

@ 2 C c ðt;x; y; zÞ
@C c ðt;x; y; zÞ
þU
¼ F c ðt; x;y;zÞ
@z2
@x

Dxi ¼ aL U þ Dei

ð2Þ

Dyi ¼ aT y U þ Dei

ð3Þ

Dzi ¼ aT z U þ Dei

ð4Þ

where aL , aT y , aT z [L] are the longitudinal, transverse (lateral), and
transverse (vertical) dispersivities, respectively; and Dei = Diw /s⁄
[L2/t] is the effective molecular diffusion coefﬁcient of the suspended species i (s⁄ P 1 [–] is the tortuosity coefﬁcient, and Diw
[L2/t] is the molecular diffusion coefﬁcient of the suspended species
i in ﬂuid w, which is assumed to be water).
The colloids attached onto the solid matrix, C c , may be reversibly attached, C cðrÞ [Mc/Ms], and/or irreversibly attached, C ðiÞ
[Mc/
c
Ms]. Therefore, the concentration of colloids attached onto the solid
matrix is the sum of the reversibly and irreversibly attached colloid
concentrations:

ð5Þ

Consequently, the corresponding colloid accumulation term in
(1) is expressed as:

@C c ðt; x; y; zÞ @C ðrÞ
ðt; x; y; zÞ @C ðiÞ
ðt; x; y; zÞ
¼ c
þ c
@t
@t
@t

ð6Þ

The reversible colloid accumulation term is described by the
following nonequilibrium equation [62,63]:
ðrÞ
b @C c ðt; x; y; zÞ

q

h

@t

¼ r ccðrÞ C c ðt; x; y; zÞ  r cðrÞ c

qb
h

C ðrÞ
c ðt; x; y; zÞ


@ 
q
q
C v þ b C v þ C c C v c þ b C c C v c
@t
h
h
@2Cv
@2
@2Cv
@2
¼ Dxv
þ
D
ðC
C
Þ
þ
D
þ
D
ðC c C v c Þ
x
v
c
c
v
c
y
v
y
v
c
@x2
@x2
@y2
@y2
þ Dzv

ð1Þ

where U [L/t] is the average interstitial velocity; t [t] is time;
qb[Ms/L3] is the bulk density of the solid matrix; h [–] is the porosity
of the porous medium; x [L] is the spatial coordinate in the longitudinal direction; y [L] is the spatial coordinate in the lateral direction; z [L] is the spatial coordinate in the vertical direction;
F c ðt; x; y; zÞ [Mc/L3t] is a general form of the colloid source conﬁguration; and Dxi , Dyi , Dzi [L2/t] are the longitudinal, lateral, and vertical
hydrodynamic dispersion coefﬁcients, respectively, of the suspended species i (i = c, v, vc), which are deﬁned as:

C c ¼ C ðrÞ
þ C ðiÞ
c
c

The transport of suspended viruses in three-dimensional water
saturated porous media, accounting for virus attachment onto (a)
the solid matrix, (b) suspended colloid particles, and (c) colloid
particles already attached onto the solid matrix, as well as for
ﬁrst-order decay (inactivation) of suspended and attached viruses
with different decay rates, is governed by the following partial differential equation [28,57,61]:

ð7Þ

@2Cv
@2
@
þ Dzv c 2 ðC c C v c Þ  U ðC v þ C c C v c Þ  kv C v
2
@x
@z
@z

 kv c C v C v c  kv

qb
h

q

C v  kv c b C c C v c þ F v ðt; x; y; zÞ
h

ð9Þ

where kv [1/t] is the decay rate of viruses suspended in the aqueous
phase; kv [1/t] is the decay rate of viruses attached onto the solid
matrix; kv c [1/t] is the decay rate of virus–colloid particles suspended
in the aqueous phase, which also accounts for irreversible attachment of virus–colloid particles onto the solid matrix; kv c [1/t] is the
decay rate of virus–colloid particles attached onto the solid matrix;
and F v ðt; x; y; zÞ [Mv/L3t] is a general form of the viruses source conﬁguration. Assuming that there is minimum interaction between Cv and
C ðiÞ
c , or equivalently negligible attachment of suspended viruses onto
colloids irreversibly attached onto the solid matrix, it is reasonable to
assume that the relationship C c ¼ C ðrÞ
is valid for the colloid
c
facilitated virus transport model.
The second mass accumulation rate that appears on the left side
of (9) is described by the following nonequilibrium relation
[62,63]:

qb @C v ðt; x; y; zÞ
h

@t

¼ rv v  C v ðt; x; y; zÞ  r v  v
 kv

qb
h

qb
h

C v ðt; x; y; zÞ

C v ðt; x; y; zÞ

ð10Þ

where r v v  [1/t] is the rate coefﬁcient of virus attachment onto the
solid matrix, and r v  v [1/t] is the rate coefﬁcient of virus detachment from the solid matrix.
The third mass accumulation rate that appears on the left side
of (9) can be expressed as [60]:

@
ðC c C v c Þ ¼ Kv v c  Kv cv þ Kv  c v c  Kv cv  c  kv c C c C v c
@t

ð11Þ

The term Kv v c [Mv/L3t] is the mass accumulation rate due to
attachment of suspended viruses onto suspended colloid particles.
The following linear relationship between virus–colloid particles,
C v c , and suspended virus particles, C v , is assumed to be valid:

Kv v c ¼ r v v c ðC c C v Þ
3

ð12Þ

where rv v c [L /Mct] is the rate coefﬁcient of virus attachment onto
suspended colloid particles; The term Kv cv [Mv/L3t] is the mass
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Fig. 2. Sensitivity analysis on eight different parameters of the virus–colloid cotransport model. Here Q = 0.8 mL/min, and tp = 190 min.

accumulation rate due to virus detachment from suspended virus–
colloid particles, expressed by the following linear relationship
[61]:

Kv cv ¼ r v cv ðC c C v c Þ

ð13Þ

where r v cv [1/t] is the rate coefﬁcient of virus detachment from
suspended colloids; Kv cv  c [Mv/L3t] is the mass accumulation rate
due to attachment of virus colloid particles onto the solid matrix,
expressed by the following linear relationship [61]:

Kv cv  c ¼ r v cv  c ðC c C v c Þ

ð14Þ

where r v cv  c [1/t] is the rate coefﬁcient of virus–colloid particle
attachment onto the solid matrix. Kv  c v c [Mv/L3t] is the mass accumulation rate due to detachment of virus–colloid particles from the
solid matrix, expressed by the following linear relationship [61]:

Kv  c v c ¼

qb
h

r v  c v c C c C v c



ð15Þ

where rv  c v c [1/t] is the rate coefﬁcient of virus–colloid particle
detachment from the solid matrix. Combining Eqs. (11)–(15) yields:

d
q
ðC c C v c Þ ¼ r v v c C c C v  r v cv ðC c C v c Þ þ b rv  c v c ðC c C v c Þ
dt
h
 r v cv  c ðC c C v c Þ  kv c C c C v c

ð16Þ

The fourth mass accumulation rate that appears on the left side
of (9) can be expressed as [60]:

qb @
h @t

ðC c C v c Þ ¼ Kv v  c  Kv  c v þ Kv cv  c  Kv  c v c  kv c

qb
h

C c C v c
ð17Þ
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Fig. 3. Contour plots on the x–y plane of virus (solid curves) and colloid (dashed curves) normalized concentrations, for the case of (a)–(c) cotransport, and (d)–(f)
independent transport in a three-dimensional porous medium at three different times, at z = 5 cm.

The term Kv v  c [Mv/L3t] is the mass accumulation rate due to
virus attachment onto colloids that are already attached onto the
solid matrix. The following linear relationship between the
virus–colloid particles attached onto the solid matrix, C v c , and suspended virus particles, Cv, is assumed to be valid:

Kv  v  c  ¼

qb
h

r v v  c ðC c C v Þ

attached onto the solid matrix, expressed by the following linear
relationship [61]:

Kv  c   v ¼

qb
h

rv  c v ðC c C v c Þ

ð19Þ

ð18Þ

where r v v  c [L3/Mct] is the rate coefﬁcient of virus attachment onto
colloids already attached onto the solid matrix. Kv  c v [Mv/L3t] is
the mass accumulation rate due to virus detachment from colloids

Table 1
Physical parameters for the cotransport experiments.a
C ov (pfu/mL)
MS2–KGa-1b
Exp. 1
51500
Exp. 2
2425
Exp. 3
4738

C oc (mg/mL)

Q (mL/min)

tp (min)

U (cm/min)

62.8
69.1
63.8

0.8
1.5
2.5

190.0
117.0
75.0

0.38
0.74
1.21

54.3
57.4
62.8

0.8
1.5
2.5

190.0
119.0
75.0

0.38
0.74
1.21

115.3
91.2
87.6

0.8
1.5
2.5

180.0
119.0
75.5

0.38
0.74
1.21

78.5
78.5
100.7

0.8
1.5
2.5

197.0
121.0
75.0

0.38
0.74
1.21

UX174–KGa-1b
Exp. 1
Exp. 2
Exp. 3

1418.4
3237.5
12366.6

MS2–STx-1b
Exp. 1 406000
Exp. 2 181333
Exp. 3 520333

UX174–STx-1b
Exp. 1
Exp. 2
Exp. 3
a

40000
61667
84800

(Lx = 30 cm, nx = 1000 cells, qb = 1610 mg/cm3, h = 0.42).

Fig. 4. Isosurface three-dimensional plots of virus (blue surfaces) and colloid
(brown surfaces) normalized concentrations, along with a projected x–y plane slice
at z = 5 cm, of the virus–colloid particles (green contour), at t = 20 min. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this article.)

Table 2
Parameters for the cotransport experiments.
Parameter

SCa
Fixed
Fixed
Fitted
VCa
Fitted

MS2–KGa-1b

a

MS2–STx-1b

UX174–STx-1b

Exp. 2

Exp. 3

Exp. 1

Exp. 2

Exp. 3

Exp. 1

Exp. 2

Exp. 3

Exp. 1

Exp. 2

Exp. 3

0.3
0
0
0.014 ± 0.001
0.037
0.12 ± 0.05

0.7
0
0
0.014 ± 0.001
0.006
0.021 ± 0.01

1.0
0
0
0.03 ± 0.002
0.045
0.138 ± 0.05

0.3
0
0
0.007 ± 0.002
0.01
0.042 ± 0.002

0.7
0
0
0.028 ± 0.002
0.078
0.112 ± 0.01

1.0
0
0
0.058 ± 0.002
0.081
0.12 ± 0.01

0.3
0
0
0.013 ± 0.001
0.025
0.043 ± 0.01

0.7
0
0
0.018 ± 0.001
0.013
0.037 ± 0.01

1.0
0
0
0.044 ± 0.02
0.047
0.087 ± 0.04

0.3
0
0
0.011 ± 0.004
0.015
0.018 ± 0.002

0.7
0
0
0.040 ± 0.005
0.293
0.248 ± 0.02

1.0
0
0
0.0396 ± 0.01
0.132
0.319 ± 0.06

0.13
0
0
0.7
0
0
0.050 ± 0.01
0.026
9.63  104
4.81  104
0.650
0.54 ± 0.2
0.015 ± 0.001

0.17
0
0
1.0
0
0
0.042 ± 0.02
0.021
0.02
0.01
0.096
0.017 ± 0.01
0.063 ± 0.001

0.12
0
0
0.3
0
0
0.034 ± 0.005
0.017
9.6  104
4.8  104
8.0  104
3.54 ± 1.5
0.009 ± 0.002

0.53
0
0
0.7
0
0
0.016 ± 0.002
0.008
0.029
0.014
0.076
0.067 ± 0.02
0.34 ± 0.08

0.5
0
0
1.0
0
0
0.078 ± 0.03
0.039
0.024
0.012
0.057
0.52 ± 0.2
0.08 ± 0.006

0.14
0
0
0.3
0
0
0.011 ± 0.001
0.005
0.009
0.004
0.023
0.058 ± 0.02
0.038 ± 0.02

0.21
0
0
0.7
0
0
0.045 ± 0.02
0.022
0.007
0.004
0.019
0.096 ± 0.04
0.077 ± 0.05

0.46
0
0
1.0
0
0
0.054 ± 0.002
0.027
0.057
0.028
0.001
0.490 ± 0.25
0.09 ± 0.04

0.18
0
0
0.3
0
0
0.014 ± 0.003
0.007
0.009
0.004
0.001
0.236 ± 0.08
0.012 ± 0.001

0.12
0
0
0.7
0
0
0.028 ± 0.011
0.014
0.007
0.004
0.223
0.553 ± 0.07
0.013 ± 0.003

0.63
0
0
1.0
0
0
0.032 ± 0.011
0.016
0.057
0.029
0.245
1.83 ± 0.2
0.015 ± 0.001

0.022
0.015

0.050
0.063

0.071
0.009

0.039
0.34

0.210
0.08

0.078
0.038

0.025
0.077

0.248
0.09

0.069
0.012

0.053
0.013

0.480
0.015

0.001
0.022
0.06

0.005
0.050
0.038

1.3  104
0.071
0.045

0.027
0.039
0.07

0.014
0.210
0.001

0.003
0.078
0.060

0.009
0.025
0.055

0.077
0.248
0.050

0.001
0.069
0.045

0.2038
0.053
0.740

0.058
0.480
0.060

Colloid and virus cotransport9
Dxv (cm2/min)
VCa
0.11
Dyv (cm2/min)
Fixed
0
Fixed
0
Dzv (cm2/min)
Dxv c (cm2/min)
Imb
0.3
Dyv c (cm2/min)
Fixed
0
Fixed
0
Dzv c (cm2/min)
kv (1/min)
Fitted
0.014 ± 0.005
b

Im
0.007
kv (1/min)
SCa
9.6  104
kv c (1/min)
SCa
4.8  104
kv c (1/min)
SCa
0.087
rv v  (1/min)
rv  v (1/min)
Fitted
0.6 ± 0.2
3
r v v c (cm /
Fitted
0.002 ± 0.001
mg min)
Imb
0.069
rv cv (1/min)
rv v  c (cm3/
Imb
0.002
mg min)
VCa
0.002
rv cv  c (1/min)
rv  c v (1/min)
VCa
0.069
a
rv  c v c (1/min)
VC
0.049
b

UX174–KGa-1b

Exp. 1

V.E. Katzourakis, C.V. Chrysikopoulos / Advances in Water Resources 68 (2014) 62–73

Colloid transport
Dxc (cm2/min)
Dyc (cm2/min)
Dzc (cm2/min)
rccðiÞ (1/min)
r ccðrÞ (1/min)
rcðrÞ c (1/min)

Status

VC – Vasiliadou and Chrysikopoulos [61]; SC – Syngouna and Chrysikopoulos [17].
Im – Imposed.
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@C 2i ðt; Lx ; y; zÞ

Table 3
Parameter values used in the numerical solution.
500–1000

Temporal discretization step (dt) (min)
Spatial discretization step (dx) [cm]
Peclet Number
Crout Number
Relative tolerance in main solver controlled by dx and dt
Relative tolerance between iterations for a particular dt
ODE solver Relative tolerance
ODE solver Absolute tolerance

0.01–0.05
0.03–0.06
<2
<1
0.05
105
108
1035

where r v  c v [1/t] is the rate coefﬁcient of virus detachment from
virus–colloid particles attached onto the solid matrix. Combining
Eqs. (14), (15), (17), (18), and (19) yields:

qb d
h dt

ðC c C v c Þ ¼

qb
h

r v v  c ðC c C v Þ 

þ r v cv  c ðC c C v c Þ 

qb

qb

h

h

rv  c v ðC c C v c Þ

r v  c v c ðC c C v c Þ  kv c

qb
h

C c C v c ð20Þ

2.3. Initial and boundary conditions
The initial condition and the appropriate boundary conditions
for a three-dimensional conﬁned aquifer with ﬁnite dimensions
are as follows:

C i ð0; x; y; zÞ ¼ 0
Dxi

@C i ðt; 0; y; zÞ
þ UC i ðt; 0; y; zÞ ¼
@x

¼0

ð23Þ

@C i ðt; x; 0; zÞ @C i ðt; x; Ly ; zÞ
¼
¼0
@y
@y

ð24Þ

@C i ðt; x; y; 0Þ @C i ðt; x; y; Lz Þ
¼
¼0
@z
@z

ð25Þ

2

dx

Number of cells

where the subscript i represents either viruses (i = v) or clay colloids
(i = c); Lx, Ly, Ly, [L] are the length, width, and height of the porous
medium, respectively; C oi is the initial constant aqueous phase concentration of species i (virus or colloids), and tp [t] is the time period
over which colloids and viruses are injected (inserted) in the porous
medium. Condition (21) establishes that there is no initial concentration of species i within the three-dimensional porous medium.
The third-type boundary condition (22), which assures mass conservation, implies a constant mass ﬂux of species i at the inlet
(x = 0) over the injection time period [64]. The downstream boundary condition (23) preserves concentration slope continuity for the
ﬁnite length aquifer [65]. Conditions (24) and (25) imply that there
is no ﬂux of species i across the lateral and vertical boundaries of
the conﬁned aquifer. Note that the initial and boundary conditions
(21)–(25) are applied twice: ﬁrst to the colloid transport equation
(1), and then to the virus–colloid cotransport equation (9). Finally,
the use of boundary condition (22) imposes that Fc(t, x, y, z) =
Fv(t, x, y, z) = 0.

ð21Þ


UC oi ; t 6 t p
0;

t > tp

3. Numerical procedures

ð22Þ
For the solution of the newly developed mathematical model
described in the previous section, the classical ﬁnite difference

Fig. 5. Breakthrough data of normalized (a), (d) and (g) Cc, (b), (e) and (h) Cv, and (c), (f) and (i) Cvc from cotransport experiments with MS2 and KGa-1b conducted by
Syngouna and Chrysikopoulos [1] in columns packed with glass beads (symbols) and ﬁtted model simulations (solid curves).
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Fig. 6. Breakthrough data of normalized (a), (d) and (g) Cc, (b), (e) and (h) Cv, and (c), (f) and (i) Cvc from cotransport experiments with UX174 and KGa-1b conducted by
Syngouna and Chrysikopoulos [1] in columns packed with glass beads (symbols) and ﬁtted model simulations (solid curves).

method was chosen and implemented in the semi-implicit fashion
as required by the Crank–Nikolson scheme. The resulting large system of linear equations was treated with the Pardiso package,
which is a thread-safe, and memory efﬁcient software able to solve
sparse symmetric and asymmetric linear systems of equations.
High performance is ensured by distributing computational load
over a number of individual processors on shared-memory and distributed-memory systems [66]. In order to solve Eqs. (16) and (20),
the arising numerical difﬁculties due to the existence of stiffness
must be resolved. Note that a system of ordinary differential equations is considered ‘‘stiff’’ when the various components of the
solution evolve on markedly different time scales. Certainly, ignoring high frequency components of the solution leads to erroneous
results. Note that in (16) and (20), the concentration C c (low frequency component) can take values three orders of magnitude
smaller than C c (high frequency component). The stiffness problem
must be treated with extra care because it can really slow down or
even prevent any possible numerical solution. For this reason, a
specialized subroutine (dodesol, IntelÒ Ordinary Differential Equations Solver Library) capable of solving systems of ordinary differential equations (ode) with a variable or a priori unknown stiffness
was employed in this work. In particular the explicit or implicit
scheme was automatically chosen for every step and if necessary
the numerical Jacobi matrix was computed. This way both stability
and speed requirements were satisﬁed.The unknown variables of
the numerical model presented are six: C c , C c , C v c , C v c , C v and C v .
To explicitly solve for all six unknowns, a six by six system of equations must be formed, which rapidly increases the required matrix
size and thus the number of calculations. However, in this study an
alternative procedure was employed. Three sets of equations, consisting of two by two systems of equations, where formed, which

were solved in an iterative manner. Note that the two solution procedures produce exactly the same results, but the proposed alternative procedure provides greater speed with lower memory
requirements. The systems were solved as follows: (i) Eqs. (1),
(6)–(8) where solved simultaneously by the semi implicit Crank–
Nicolson method in order to determine C c , and C c . (ii) these C c
and C c concentrations were used in (9) and (10), which were solved
together with the Pardiso solver in order to get initial estimates for
C v and C v . (iii) The estimates C v and C v along with the previously
calculated C c and C c , were used in the system of coupled equations
(16) and (20), which was solved with the IntelÒ ode solver to obtain initial estimates for C v c and C v c . (iv) The estimated C v c and
C v c values where fed back to step (ii) in order to produce better
estimates for C v and C v ; which in turn where employed in step
(iii) to improve C v c and C v c estimates. (v) Steps (ii) through (iv)
where repeated till all of the C v c , C v c , C v and C v values provided
by successive iterations did not differ more than 5%.
The above steps were repeated sequentially until all unknown
concentrations were calculated for the required time period. It
should also be noted that for the numerical simulations presented
in this study, each physical model was discretized into a number of
cells, nx, which was kept as low as possible to produce fast solutions, but high enough to allow for a quite small relative error
(1–5%).
4. Model simulations and sensitivity analysis
To illustrate how the model parameters affect the breakthrough
Cv/Cov concentration curve, eight different simulations where
performed and presented in Fig. 2. Clearly, the breakthrough
curves for Cv/Cov exhibit higher peaks as the values of rccðiÞ , rv  v ,
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Fig. 7. Breakthrough data of normalized (a), (d) and (g) Cc, (b), (e) and (h) Cv, and (c), (f) and (i) Cvc from cotransport experiments with MS2 and STx-1b conducted by
Syngouna and Chrysikopoulos [1] in columns packed with glass beads (symbols) and ﬁtted model simulations (solid curves).

Dxv, U increase or the values of kv , r v v c , rv v  c and Dxc decrease. It
should be noted that an increase in Cc causes Cvc to increase, and
consequently Cv to decrease. Therefore, the trend of the simulated
breakthrough curves in Fig. 2a is governed by the increase in rccðiÞ ,
which causes Cc to decrease and Cv to increase. Exactly the opposite
trend is observed in Fig. 2e because increasing Dxc causes Cc to increase or equivalently Cv to decrease. The trend of the simulated
breakthrough curves in Fig. 2h is expected because decreasing U,
reduces the virus travel distance in the aquifer, which in turn leads
to smaller Cv at downstream locations. Fig 2c clearly shows that Cv
increases with increasing rv  v . Exactly the opposite trend is observed in Fig. 2b because kv controls the inactivation of viruses suspended in the liquid phase, and a decrease in kv causes Cv to
increase. Similarly, Figs. 2g and f show that a decrease in either
of the parameters rv v c and r v v  c leads to increasing Cv concentrations. This result is intuitive, because these two rate coefﬁcients
control virus attachment onto suspended colloid particles, and
onto the solid matrix, respectively. Decreasing either of these
two rate coefﬁcients leads to higher suspended virus concentrations. Also, the trend of the simulated breakthrough curves in
Fig. 2d suggests that increasing Dxv leads to increasing Cv. Note that
several normalized virus breakthrough curves in Fig. 2 exhibit relatively sharp concentration peaks. These peaks are observed at
t > tp, when clean water enters the porous medium and previously
created C v and/or C v c are converted back C v with rates r v  v and/or
rv cv ; causing a temporary but rapid increase in Cv.
In order to visualize how the colloid and virus cotransport can
differ from independent colloid and virus transport, model simulations were conducted for the hypothetical case where a virus and a
colloid source exist in a three-dimensional porous medium with
dimensions: Lx = 30 cm, Ly = 15 cm, and Lz = 10 cm. The virus source
is a continuous point source located at (x, y, z) = (2.5, 7.45, 5 cm):

F v ðt; x; y; zÞ ¼ 1dðx  2:50Þdðy  7:45Þdðz  5Þ

pfu
mL min

ð26Þ

whereas the colloid source is a continuous circular source with
radius 0.3 cm and center located at (x, y, z) = (12, 7.45, 5 cm):

F c ðt; x; y; zÞ ¼ 1dðz  5Þ

mg
mL min

8

ðx  12Þ2
2

0:3

þ

ðy  7:45Þ2
0:32

61
ð27Þ

where d is the Dirac delta function. All necessary model parametervalues are obtained from the literature [1], and the resulting model
simulations are presented in the form of contour plots in Fig. 3 at
three different times. Figs. 3a–c represent the cotransport case,
whereas Figs. 3d–f represent the independent transport case, where
no interaction between virus and colloid particles is allowed. Moreover, three-dimensional iso-surface plots of the cotransport case
presented in contour plot of Fig. 3b are illustrated in Fig. 4. Clearly,
the interaction between viruses and colloids affects signiﬁcantly the
migration of suspended viruses due to the formation of C v c or C v c
complexes.
5. Application to experimental data
5.1. Available experimental data
Experimental data from several cotransport experiments reported by Syngouna and Chrysikopoulos [1] were used to test the
accuracy of the newly developed mathematical model. In brief,
bacteriophages MS2 and UX174 were used as model viruses, and
kaolinite (KGa-1b) and montmorillonite (STx-1b) as model clay
colloids. Therefore, four different virus–colloid combinations
(MS2–KGa-1b, UX174–KGa-1b, MS2–STx-1b, UX174–STx1b) were
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Fig. 8. Breakthrough data of normalized (a), (d) and (g) Cc, (b), (e) and (h) Cv, and (c), (f) and (i) Cvc from cotransport experiments with UX174 and STx-1b conducted by
Syngouna and Chrysikopoulos [1] in columns packed with glass beads (symbols) and ﬁtted model simulations (solid curves).

examined, and three different ﬂow rates, Q [L3/t], were used. All
experiments were conducted in a 30 cm long glass column with
2.5 cm diameter, which was packed with 2 mm diameter glass
beads. The packed column was placed horizontally to minimize
gravity effects and it was fully saturated with sterile distilled
deionized water. Viruses and colloids were simultaneously injected with a peristaltic pump into the column over a time period
tp. Samples were collected at the end of the column at regular time
intervals and immediately were prepared for concentration determination. The bacteriophages were assayed by the double-layer
overlay method, whereas the clay concentrations were determined
by a UV–vis spectrophotometer. The experimental conditions are
described in Table 1. Moreover, for additional experimental details
refer to the work by Syngouna and Chrysikopoulos [1].
5.2. Fitting the data
The software Pest was used to ﬁt the cotransport model to the
experimental data. Pest is a stand-alone package that employs
the Gauss Marquardt Levenberg with Broyden Jacobian updating
method [67], and is capable of estimating multiple unknown
parameters together with their conﬁdence intervals, even for nonlinear models.
Fitting a nonlinear mathematical model to experimental data is
not a trivial task. Ratha et al. [68] examined the case of one-dimensional virus transport in porous media and reported that it is not
possible to simultaneously estimate the parameters Dxv, kv , kv
and rv v  uniquely. If the number of ﬁtted parameters is three or
less, the inverse procedure is expected to provide unique estimates. However, for the mathematical model used in this study,
kv and kv tend to be incompatible with each other due to the existence of local minima in the parametric kv  kv space, which lead

to non-unique calculation of k and k [68]. This problem can be
avoided only if one of the two inactivation-rate coefﬁcients is
known a priori.
For the ﬁtting needs of this study, the number of unknown
model parameters was reduced by using the frequently employed
assumption that kv ¼ 2kv and kv c ¼ 2kv c [69]. It was also assumed
that colloid particles and virus–colloid complexes do not differ
vastly in size, so that their hydrodynamic characteristics are similar (Dxc  Dxv c ). Furthermore, it was assumed that interactions of
viruses with suspended colloids do not differ signiﬁcantly from
interactions of viruses with colloids already attached onto the solid
matrix (rv v c  r v v  c and r v cv  rv  c v ). Note that the cotransport
model equations are backwards dependent, so that the coupled
equations (9), (10), (16), and (20), which produce the C v c ,C v c ; C v
and C v concentrations, are based only on the results provided from
coupled equations (1), (6)–(8), which independently calculate C c
and C c . Moreover, for every cotransport experiment, three concentration histories were provided: (i) C c , (ii) C v c , and (iii) C v [1]; thus,
the concentration histories can be ﬁtted by the appropriate coupled system of model equations to uniquely estimate up to three
model parameters. Consequently, sequential ﬁtting was achievable
and the total number of ﬁtted parameters was reduced to 5. So ﬁrst
rccðiÞ , and rcðrÞ c were obtained from (1) and (6)–(8) using the C c
concentration history. Then, r v v c ; r v  v , and kv were obtained from
(9), (10), (16), and (20) using the C v c and C v concentration history
along with the previously estimated values for C c and C c . The rest
unknown parameters (see Table 2) were ﬁxed to reasonable values
as reported in the literature. Finally, additional parameter values
required by the ﬁtting process are listed in Table 3.
The ﬁtted parameters for all virus–colloid combinations examined in this study are listed in Table 2. Also, the experimental data
together with the corresponding ﬁtted model simulations for
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MS2–KGa-1b cotransport are shown in Fig. 5, for U174–KGa-1b
cotransport are shown in Fig. 6, for MS2–STx-1b cotransport are
shown in Fig. 7, and for UX174–STx-1b cotransport are shown in
Fig. 8. All predicted concentration histories were obtained by the
numerical cotransport model using the best-ﬁtted parameter values. Clearly, it is evident from Figs. 5–8 that there is relatively good
agreement between the provided experimental data and the numerical solution. Note that the two bacteriophages used in this study
(MS2 in Figs. 5 and 7 and UX174 in Figs. 6 and 8) have quite deferent
structure, surface characteristics, and isoelectric point [21]. Nonetheless, the newly developed cotransport numerical model successfully captures the various physicochemical processes taking place
during all four virus-clay cotransport cases considered in this study.
6. Summary
A new mathematical model describing the cotransport of
viruses and colloids in three-dimensional, homogeneous, water
saturated porous media was developed. The model was solved
numerically using efﬁcient ﬁnite difference procedures and ordinary differential equation solvers capable of handling variable or a
priori unknown stiffness. Numerous one-dimensional as well as
three-dimensional model simulations and sensitivity analyses
were performed in order to test the model behavior. The results revealed that interactions between suspended virus and colloid particles can signiﬁcantly affect virus transport in porous media.
Previously published data from various cotransport experiments
employing MS2, UX174, KGa-1b and STx-1b were successfully ﬁtted by the numerical model. Consequently, the numerical model
captures most of the physicochemical processes that take place
during virus and colloid cotransport in porous media.
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