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a b s t r a c t
A three-dimensional numerical model was developed to investigate the simultaneous transport
(cotransport) of dense colloids and viruses in homogeneous, water saturated, porous media with
horizontal uniform flow. The dense colloids are assumed to exist in two different phases:
suspended in the aqueous phase, and attached reversibly and/or irreversibly onto the solid matrix.
The viruses are assumed to exist in four different phases: suspended in aqueous phase, attached
onto the solid matrix, attached onto suspended colloids, and attached onto colloids already
attached onto the solid matrix. The viruses in each of the four phases are assumed to undergo
inactivation with different rates. Moreover, the suspended dense colloids as well as viruses
attached onto suspended dense colloids are assumed to exhibit a “restricted” settling velocity as a
consequence of the gravitational force; whereas, viruses due to their small sizes and densities are
assumed to have negligible “restricted” settling velocity. The governing differential equations
were solved numerically with the finite difference schemes, implicitly or explicitly implemented.
Model simulations have shown that the presence of dense colloid particles can either enhance or
hinder the horizontal transport of viruses, but also can increase the vertical migration of viruses.
© 2015 Elsevier B.V. All rights reserved.

1. Introduction
The transport of biocolloids (viruses, bacteria, protozoa) in
aquifers has received considerable attention by numerous
environmental engineers and hydrogeologists, because waterborne disease outbreaks are often connected directly to groundwater contamination (Craun et al., 2010). Biocolloids can be
found present in groundwater due to accidental wastewater
releases, broken sewer lines, septic tanks, agricultural practices,
sanitary landfills, and artificial groundwater recharge activities
(Anders and Chrysikopoulos, 2005; Chrysikopoulos et al.,
2010; Chu et al., 2003; Masciopinto et al., 2008; Sim and
Chrysikopoulos, 2000). The transport of biocolloids in the
subsurface is affected by several factors including water
chemistry, water saturation level, interstitial velocity,
attachment onto the solid matrix and suspended colloid
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particles, grain size, biocolloid size, inactivation, temperature,
and gravitational settling (Anders and Chrysikopoulos, 2006;
Chen and Bai, 2012; Chen et al., 2010; Chrysikopoulos and
Aravantinou, 2012, 2014; Jin et al., 1997; Kim et al., 2009; Ma
et al., 2011; Syngouna and Chrysikopoulos, 2011; Torkzaban
et al., 2008; Wan et al., 1995). Colloids, which are naturally
occurring in groundwater as a result of precipitation of
supersaturated phases, well drilling, dissolution of cementing
agents, and leaching from the unsaturated zone (Compere
et al., 2001; Gschwend et al., 1990), can serve as carriers that
either hinder or enhance the transport of dissolved pollutants,
and suspended biocolloids, depending on the physicochemical
conditions of the aquifer (Abdel-Salam and Chrysikopoulos,
1995a; Artinger et al., 2002; James et al., 2005; Kretzschmar
et al., 1999; McCarthy, 1998; McGechan and Lewis, 2002;
Mibus et al., 2007; Ouyang et al., 1996; Saiers and Hornberger,
1996; Sen and Khilar, 2006; Severino et al., 2007; Syngouna
and Chrysikopoulos, 2013, 2015; Tatalovich et al., 2000;
Villholth et al., 2000; Walshe et al., 2010).
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Several analytical and numerical one- and three-dimensional
models for biocolloid transport (Anders and Chrysikopoulos,
2009; Bradford et al., 2011; Chrysikopoulos and Sim, 1996;
Chrysikopoulos et al., 2012; Harvey and Garabedian, 1991; Park
et al., 1992; Sim and Chrysikopoulos, 1995, 1996, 1998; Tim and
Mostaghimi, 1991) as well as colloid and biocolloid cotransport
in porous media (Katzourakis and Chrysikopoulos, 2014;
Vasiliadou and Chrysikopoulos, 2011) are available in the
literature. However, the collection of mathematical models for
transport of dense colloids in porous media is limited (e.g.
Chrysikopoulos and Syngouna, 2014; Flowers and Hunt, 2007).
The objective of the present study was to improve the
three-dimensional colloid and virus cotransport mathematical
model developed by Katzourakis and Chrysikopoulos (2014),
and further extend it to account for “restricted” dense-colloid
settling, as suggested by Chrysikopoulos and Syngouna (2014).
To our knowledge, a mathematical model describing the
cotransport of dense-colloids and viruses in three-dimensional
water saturated, homogeneous porous media under uniform
horizontal flow, accounting for “restricted” settling of dense
colloids has not been previously presented in the literature.
2. Mathematical modeling
The cotransport mathematical model proposed in this work
consists of two governing partial differential equations (PDEs),
and a set of initial and boundary conditions. The first PDE
describes the transport of dense colloids and is based on
previous works by Sim and Chrysikopoulos (1998, 1999),
Katzourakis and Chrysikopoulos (2014), Wan et al. (1995),
and Chrysikopoulos and Syngouna (2014). The second PDE
describes the transport of viruses in the presence of the dense
colloids and is based on previous works by Abdel-Salam and
Chrysikopoulos (1995a,b), Bekhit et al. (2009), Vasiliadou
and Chrysikopoulos (2011), Katzourakis and Chrysikopoulos
(2014), with additional modifications to account for settling
of dense colloids in porous media (“restricted” settling). Note
that the proposed mathematical model assumes that the dense
colloids, which undergo “restricted” settling, can be either
suspended in the aqueous phase, Cc [Mc/L3], or attached onto
the solid matrix, C⁎c [Mc/Ms]. Furthermore, the mathematical
model assumes that viruses can be suspended in the aqueous
phase, Cv [Mv/L3], attached onto suspended colloids, Cvc [Mv/
Mc], attached onto the solid matrix, Cv⁎ [Mv/Ms], and attached

Fig. 1. Schematic illustration of the various concentrations accounted for in the
cotransport numerical model.
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onto colloids already attached onto the solid matrix, Cv⁎c⁎ [Mv/
Mc]. Note that the subscripts c, v, and vc represent colloid, virus
and virus–colloid, respectively. Also, Mc represents the mass of
colloids, Mv the mass of viruses, and Ms the mass of the solid
matrix. The six different concentrations accounted for in the
new mathematical model are depicted graphically in Fig. 1.
The transport of dense colloid particles in three-dimensional,
water saturated, homogeneous porous media with onedirectional uniform flow, accounting for colloid gravity effects
and kinetic attachment onto the solid matrix, is governed by
the following partial differential equation (Chrysikopoulos and
Syngouna, 2014; Sim and Chrysikopoulos, 1998):
2
2
∂Cc ðt; x; y; zÞ ρb ∂Cc ðt; x; y; zÞ
∂ Cc ðt; x; y; zÞ
∂ Cc ðt; x; y; zÞ
þ
−Dxc
−Dyc
θ
∂t
∂t
∂x2
∂y2
2


∂ Cc ðt; x; y; zÞ
∂Cc ðt; x; y; zÞ
∂C ðt; x; y; zÞ
þ Ucsð−kÞ c
−Dzc
þ Ux þ UcsðiÞ
∂x
∂z
∂z2

¼ Fc ðt; x; y; zÞ

ð1Þ

where t [t] is time; x [L] is the Cartesian coordinate in the
longitudinal direction; y [L] is the Cartesian coordinate in the
lateral direction; z [L] is the Cartesian coordinate in the
vertical direction; ρb [Ms/L3] is the bulk density of the solid
matrix; θ [–] is the porosity of the porous medium; Dxc, Dyc,
Dzc [L2/t] are the longitudinal, lateral, and vertical hydrodynamic dispersion coefficients of the suspended colloids,
respectively; Fc [Mc/L3t] is a general form of the colloid
source configuration; Ux [L/t] is the average interstitial
velocity along the x-direction; and Ucs(± i) [L/t] and Ucs(−k)
[L/t] are the ± x-directional and negative z-directional
components of the “restricted particle” settling velocity
(in porous media), which is just a modification of the “free
particle” settling velocity, commonly used in static water
columns (Russel et al., 1989), applicable to granular porous
media (Chrysikopoulos and Syngouna, 2014):

UcsðiÞ ¼ f s

Ucsð‐kÞ ¼ f s



ρp −ρw d2p
18μ w


2
ρp −ρw dp
18μ w

gðiÞ

ð2aÞ

gð‐kÞ

ð2bÞ

where fs [–] is the correction factor accounting for particle
settling in the presence of the solid matrix of granular porous
media; ρw [M/L3] is the density of the suspending fluid (water);
ρp [M/L3] is the density of the colloid particle; μ w [M/(L·t)] is the
dynamic viscosity of water; and g(±i) [L/t2] and g(−k) [L/t2] are
the x-directional and z-directional components of the gravity
vector defined as:
gðiÞ ¼ g cosβ

ð3aÞ

gð‐kÞ ¼ −g sinβ

ð3bÞ

where g [M/t2] is the acceleration due to gravity; β [°] is the angle
of the main flow direction (x-direction) with respect to the
direction of gravity (0° ≤ β ≤ 180°); ±i and −k are the unit
vectors parallel (±x-direction) and perpendicular (negative
z-direction) to the flow, respectively (see Fig. 2); fs is the
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(a) Horizontal flow
-i

i

x

β=90

-k

into account the effect of the grain surface onto the settling
velocity. Also fs ≈ 0.9 when the existing grains found on the solid
surface of the porous medium do not add additional frictional
resistance, but only contribute to the tortuosity (Wan et al.,
1995). Colloids attached onto the solid matrix, Cc⁎, are assumed
(i)
to be reversibly, C(r)
c ⁎ [Mc/Ms], and/or irreversibly, Cc ⁎ [Mc/Ms],
attached. Consequently, the concentration of colloids attached
onto the solid matrix can be represented as (Katzourakis and
Chrysikopoulos, 2014):

ο

g(-k)= -g

ð rÞ

ði Þ

Cc ¼ Cc þ Cc :

g

Also, the corresponding colloid accumulation term in Eq. (1)
can be expressed as:

-z

(b) Up-flow

" ð rÞ
#
ðiÞ
ρb ∂Cc ðt; x; y; zÞ ρb ∂Cc ðt; x; y; zÞ ∂Cc ðt; x; y; zÞ
:
¼
þ
θ
θ
∂t
∂t
∂t

x
β>90 ο
-k
g(-k)= -g sinβ

-i
g(-i)= g cosβ

-z

(c) Down-flow

The reversible accumulation term is given by (Sim and
Chrysikopoulos, 1998, 1999):
ð rÞ

ρb ∂Cc ðt; x; y; zÞ
ρ ðrÞ
¼ rc‐cðrÞ Cc ðt; x; y; zÞ−rcðrÞ ‐c b Cc ðt; x; y; zÞ ð7Þ
θ
θ
∂t

ði Þ

i

-k

β<90

ο

g(i)= g cosβ

x
-z

ð6Þ

where rc‐cðrÞ [1/t] is the forward rate coefficient of colloid
attachment onto the solid matrix, and rcðrÞ ‐c [1/t] is the
reverse rate coefficient of colloid detachment from the
solid matrix. The irreversible accumulation term is given by
(Compere et al., 2001):

g

g(-k)= -g sinβ

ð5Þ

g

Fig. 2. Schematic illustration of the gravity vector components for:
(a) horizontal flow, (b) up-flow, and (c) down-flow conditions. The angle β
(0° ≤ β ≤ 180°) is between the main flow direction (x-direction) and the
direction of gravity.

ρb ∂Cc ðt; x; y; zÞ
ð8Þ
¼ rc‐cðiÞ Cc ðt; x; y; zÞ
θ
∂t
where rc‐cðiÞ is the forward rate coefficient of irreversible
colloid attachment onto the solid matrix.
The three-dimensional virus transport in water saturated, homogeneous porous media with one-directional uniform flow, accounting for virus attachment onto suspended
dense colloid particles, the solid matrix, and colloid particles
already attached onto the solid matrix, first-order inactivation of
suspended and attached viruses, and gravity effects, is governed
by the following partial differential equation (Abdel-Salam and
Chrysikopoulos, 1995a,b; Katzourakis and Chrysikopoulos, 2014;
Vasiliadou and Chrysikopoulos, 2011):

∂
ρ
ρ
∂ Cv
∂
C þ b Cv þ Cc Cvc þ b Cc Cvc ¼ Dxv
þ Dxvc 2 ðCc Cvc Þ
θ
θ
∂t v
∂x2
∂x
2

2

2

2

2

2

∂ Cv
∂
∂ Cv
∂
þ Dyvc 2 ðCc Cvc Þ þ Dzv
þ Dzvc 2 ðCc Cvc Þ
∂y2
∂y
∂z2
∂z

 ∂
∂
− Ux þ UvsðiÞ
ðC þ Cc Cvc Þ−Uvsð−kÞ ðCv Þ
∂x v
∂z
∂
ρ
−Uvcsð−kÞ ðCc C vc Þ−λv Cv −λvc Cv Cvc −λv b Cv
θ
∂z
ρb
−λvc Cc Cvc þ Fv ðt; x; y; zÞ
θ
þDyv

correction factor which allows the calculation of the average
sedimentation based on the free average particle sedimentation
velocity, through water saturated porous media (Wan et al.,
1995):
fs ¼

b þ 0:67
b þ 0:93=ε

ð4Þ

where b ≈ 1 is the average free settling segment length to the
grain radius ratio, and ε (0 ≤ ε ≤ 1) is a correction factor that takes

ð9Þ

where Dxv, Dyv, Dzv [L2/t] are the longitudinal, lateral,
and vertical hydrodynamic dispersion coefficients of the
suspended viruses, respectively; Dxvc, Dyvc, Dzvc [L2/t] are the
longitudinal, lateral, and vertical hydrodynamic dispersion
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coefficients of viruses attached onto suspended colloids,
respectively; λv [1/t] is the decay rate of the suspended
viruses in aqueous phase; λv⁎ [1/t] is the decay rate of
attached viruses onto the solid matrix; λvc [1/t] is the decay
rate of suspended virus–colloid particles in aqueous phase;
λv⁎c⁎ [1/t] is the decay rate of attached virus–colloid particles
onto the solid matrix; Fv [Mv/L3t] is a general form of the
virus source configuration; Uvs(−k) [L/t] is “restricted”
settling velocity of the viruses; and Uvcs(−k) [L/t] is
“restricted” settling velocity of the virus–colloid complexes.
Note that in this study viruses are considered to be very
small particles and their “restricted” settling velocity is
assumed to be equal to zero (Uvs(± i) = Uvs(−k) = 0). Also, it
is assumed that virus–colloid complexes and colloid particles have the same “restricted” settling velocity (Uvcs(−k) =
Ucs(−k)).
The second accumulation term on the left hand side of
Eq. (9) is given by (Sim and Chrysikopoulos, 1998,1999):
ρb ∂Cv ðt; x; y; zÞ
θ
∂t
¼ rv‐v Cv ðt; x; y; zÞ−rv ‐v

ρb
ρ
C  ðt; x; y; zÞ−λv b Cv ðt; x; y; zÞ
θ v
θ
ð10Þ
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Note that Eqs. (11) and (12) are improved versions of the
Eqs. (16) and (20) previously presented by Katzourakis and
Chrysikopoulos (2014).
The general functional form of the source configuration is
expressed as (Sim and Chrysikopoulos, 1999):
Fi ðt; x; y; zÞ ¼ Gi ðtÞWðx; y; zÞ

ð13Þ

where the subscript i represents either colloids (i = c)
or viruses (i = v); Gi(t) is the mass release function of species
i, with units of [M/t] for a point source and [M/L3t] for a
volume source; and W(x,y,z) characterizes the source physical
geometry, with units of [1/L3] for a point source and [–] for an
volume source. The mass release rate from a continuous source
is given by:
Gi ðtÞ ¼

Mmr
HðtÞ
θ

ð14Þ

where Mmr is the mass release rate of species i, with units of
[Mi/t] for a point source and [Mi/L3t] for a volume source; and
H(t) [–] is the Heaviside or unit step function (H(t b 0) = 0,
H(t ≥ 0) = 1). For a point source geometry, W(x,y,z) is
described as follows:
Wi ðx; y; zÞ ¼ δðx‐x0 Þδðy‐yo Þδðz‐z0 Þ

where rv-v⁎ [1/t] is the rate coefficient of virus attachment
onto the solid matrix; and rv⁎-v [1/t] is the rate coefficient
of virus detachment from the solid matrix. The third
accumulation term on the left hand side of Eq. (9) is given by
(Bekhit et al., 2009; Katzourakis and Chrysikopoulos, 2014):
∂
ρ
2
ðC C Þ ¼ rv−vc ðCc Þ Cv −rvc−v ðCc Cvc Þ þ b rvc−vc ðCc Cvc Þ
θ
∂t c vc
−rvc−vc ðCc Cvc Þ−λvc Cc Cvc
ð11Þ

ð15Þ

where x0, y0, and z0 are the Cartesian x-, y-, and z-coordinate
locations of the source center, respectively; and δ(x-x0),
δ(y-y0), and δ(y-y0), are modified Dirac delta functions
(e.g. δ = 1 for x = x0, δ = 0 for x ≠ x0). Also, for an
ellipsoid source geometry W(x,y,z) is described as follows:

Wi ðx; y; zÞ ¼

8
>
<

1

>
:

0

2

2

2

ðx‐x0 Þ
ðy‐y0 Þ
ðz‐z0 Þ
þ
þ
≤1
l2a
l2b
l2c
otherwise

ð16Þ

where rv–vc [L6/M2c t] is the rate coefficient of virus attachment onto suspended colloid particles; rvc–v [1/t] is the rate
coefficient of virus detachment from suspended colloids;
rvc–v⁎c⁎ [1/t] is the rate coefficient of virus–colloid particle
attachment onto the solid matrix; and rv⁎c⁎–vc [1/t] is the rate
coefficient of virus–colloid particle detachment from the
solid matrix. Finally, the fourth accumulation term on the
left hand side of Eq. (9) is given by (Bekhit et al., 2009;
Katzourakis and Chrysikopoulos, 2014):

where la, lb, and lc are the semi-axes of the ellipsoid parallel to
the x-, y-, and z-coordinate directions, respectively.
The initial and boundary conditions for a three-dimensional
confined aquifer with finite dimensions are:

ρb ∂
ρ
ρ
2
ðC  C   Þ ¼ b rv−vc ðCc Þ Cv − b rvc−v ðCc C vc Þ
θ ∂t c v c
θ
θ
ρb
þrvc−vc ðCc Cvc Þ− rvc−vc ðCc Cvc Þ ð12Þ
θ
ρb
−λvc Cc Cvc
θ

ð19Þ

where rv–v⁎c⁎ [L6/M2c t] is the rate coefficient of virus attachment
onto colloids already attached onto the solid matrix; and
rv⁎c⁎–v [1/t] is the rate coefficient of virus detachment
from virus–colloid particles attached onto the solid matrix.
Implicitly it is assumed that for colloid facilitated transport
the formation of Cv⁎c⁎ depends only on C(r)
c⁎ , which implies
that colloids irreversibly attached onto the solid matrix do
not interact with viruses suspended in the aqueous phase.

Ci ð0; x; y; zÞ ¼ 0
∂2 Ci ðt; 0; y; zÞ ∂2 Ci ðt; Lx ; y; zÞ
¼
¼0
∂x2
∂x2


∂Ci ðt; x; 0; zÞ ∂Ci t; x; Ly ; z
¼0
¼
∂y
∂y
∂Ci ðt; x; y; 0Þ ∂Ci ðt; x; y; Lz Þ
¼
¼0
∂z
∂z

ð17Þ
ð18Þ

ð20Þ

where Lx, Ly, and Lz [L] are the length, width, and height of the
porous medium, respectively. Condition (17) indicates that at
the beginning of the simulation no concentration of species i
existed within the three-dimensional aquifer. Furthermore the
boundary condition (18) preserves concentration continuity at
x = 0 and x = Lx (Chrysikopoulos et al., 1990; Shamir and
Harleman, 1967). Conditions (19) and (20) establish that the
aquifer is impermeable at the lateral and vertical directions,
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ensuring that there is no flux of species i across the lateral
and vertical boundaries of the confined aquifer. Note that
the initial and boundary conditions (17)-(20) are applied to
the colloid transport Eq. (1), as well as the virus–colloid
cotransport Eq. (9).

used: nx = 800 cells, ny = 100 cells, and nz = 100 cells, for
the longitudinal, lateral, and vertical direction, respectively.
The various restrictions imposed on the numerical solution
are listed in Table 1.
4. Model simulations

3. Numerical solution
Although analytical solutions can be obtained for some
relatively complex mathematical models for colloid and
contaminant transport in porous media (e.g. Sim and
Chrysikopoulos, 1998), the dense-colloid and virus cotransport model presented in this work consists of multiple
partial differential equations with complicated source
geometries, which can only be solved numerically. Here,
the classical and efficient Crank–Nikolson finite differences
scheme was implemented. The resulting large system of
algebraic equations was solved with the Pardiso package,
which is a memory-efficient, and thread-safe software,
capable of solving sparse asymmetric and symmetric linear
systems of equations (Schenk and Gärtner, 2004). The
numerical difficulties that arise with Eqs. (11) and (12),
which are “stiff” (equation terms evolve on very different
time scales) because the concentration Cc (high frequency
component) can take values several orders of magnitude
larger than Cc⁎ (low frequency component), were handled
with the sophisticated subroutine dodesol (Intel® Ordinary
Differential Equations Solver Library), which is capable
of solving ordinary differential equations (ODEs) with a
variable or a priori unknown stiffness. Note that stiffness can
really slow down or even render the solution impossible.
Furthermore, it should be noted that the implicit or explicit
finite difference scheme was selected automatically by the
numerical solution algorithm to ensure that the preselected
speed and stability constrains were satisfied. In the presence
of stiffness, the implicit scheme was used and the Jacobi
numerical matrix was also computed when no analytical
alternative was present.
The numerical solution is compared directly with the
three-dimensional analytical solution reported by Sim and
Chrysikopoulos (1998) for virus transport in an aquifer with
finite thickness. The analytical solution was employed for
an aquifer with infinite longitudinal and lateral directions
and height Lz = 30 m, whereas the numerical solution was
employed for an aquifer with length Lx = 100 m, width Ly =
30 m, height Lz = 30 m, surrounded by impermeable
boundaries. For both cases the contaminant entered the
aquifer from a continuous point source, located at x0 =40 m,
y0 = 15 m, z0 = 15 m, having a mass release function
Gv(t) = 1 mg/h (t ≥ 0), duration time period of tp =8500 h,
and interstitial velocity was Ux = 2.5 cm/h. All other model
parameters are listed in Table 2. The simulations shown in
Fig. 3 suggest that the analytical and numerical solutions are
in perfect agreement.
The numerical solution to the cotransport mathematical
model presented here was obtained following the steps
outlined by Katzourakis and Chrysikopoulos (2014). The
aquifer was discretized into a uniform grid with preselected
number of cells so that the relative error between successive
iterations was kept lower than 5%. For the simulations
presented in this study, the following discretization was

For all simulations presented in this work, it is hypothesized
that viruses and colloids co-exist in a homogeneous, finite,
three-dimensional aquifer with horizontal flow. The aquifer
has length Lx = 100 m, width Ly = 30 m, and height Lz =30 m,
and is surrounded with impermeable boundaries. The viruses
enter the aquifer from continuous point source, and the colloids
from a continuous ellipsoidal shaped source. The virus point
source, located at x0 = 40 m, y0 = 15 m, z0 = 15 m, has a mass
release function Gv(t) = 1 pfu/h (t ≥ 0), and source geometry
function W(x,y,z) described by Eq. (15). Therefore, the virus
source configuration is:
Fv ðt; x; y; zÞ ¼ 1 δðx‐40Þδðy‐15Þδðz‐15Þ

pfu
:
ml  h

ð21Þ

The ellipsoid source of colloids has its center located at
x0 = 6 m, y0 = 15 m, z0 = 15 m, semi-axes la = 0.4 m, lb =
0.3 m, lc = 0.3 m, mass release function Gc(t) =100 mg/
(ml h) (t ≥ 0), and source geometry function W(x,y,z)
described by Eq. (16). Therefore, the colloid source configuration is:

Fc ðt; x; y; zÞ ¼

8
<
:

100
0

mg
ml  h

ðx‐6Þ2 ðy‐15Þ2 ðz‐15Þ2
þ
þ
≤1 :
0:42
0:32
0:32
otherwise
ð22Þ

The horizontal flow is assumed to be aligned with the
x-coordinate, which implies that g(± i) = 0, g(−k) = − g, and
Ucs(±i) = 0. Also, the colloids are assumed to be spherically
shaped with diameter dp = 1.4 μm, and density ρp =2200 kg/
m3. Furthermore, the “restricted particle” settling velocity of
the dense colloids was estimated with Eq. (2b) using ρw =
998 kg/m3, μ w = 0.001 N⋅s/m2, g = 9.81 m/s2, and fs = 0.9
(Wan et al., 1995). All of the model parameters used in the
numerical simulations are listed in Table 2.

Fig. 3. Comparison of analytical (circles) and numerical solutions (solid curve).
Here the duration period of the source is tp = 8500 h, the concentrations are
evaluated at x = 60 m, y = 15 m and z = 15 m.
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Table 1
Restrictions imposed on the numerical solution.
Number of cells (nx)
Temporal discretization step (Δt) [h]
Spatial discretization step (Δx) [cm]
Peclet numbera
Crout numberb
Main solver relative tolerancec
Relative tolerance between iterations for a particular Δt
ODE solver relative tolerance
ODE solver absolute tolerance
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Table 2
Model parameters.
500–1000
5–10
10–20
b2
b1
0.05
10−5
10−8
10−35

a

Peclet number: Pe = UxΔx/Dxi (Huyakorn and Pinder, 1983).
Courant number: Cr = UxΔt/Δx (Zheng and Bennet, 1995).
c
Successive temporal and spatial discretizations should not produce relative
error more than 5%.

Parameter Value (units)

Reference

Colloid transport parameters
30 (cm2/h)
Dxc
12 (cm2/h)
Dyc
12 (cm2/h)
Dzc
rc‐cðiÞ
0.003 (1/h)
0.004 (1/h)
rcðrÞ ‐c
0.005 (1/h)
rc‐cðrÞ
2 (cm/h)
Ux
0.4 (cm/h)
Ucs

Schulze-Makuch (2005)
–
–
Katzourakis and Chrysikopoulos (2014)
Vasiliadou and Chrysikopoulos (2011)
Katzourakis and Chrysikopoulos (2014)
Chrysikopoulos et al. (2012)
Eq. (2a)

b

In order to better understand how the various model
parameters affect Cv, model simulations were performed
with fluctuating values of eight different parameters, one at
a time. For each of the selected parameters four simulations
were performed. The duration of both virus and colloid sources
were tp = 8500 h, and Cv concentration histories were
predicted at an aquifer location with coordinates x = 50 m,
y = 15 m and z = 11 m, based on the parameters values listed
in Table 1. The virus and colloid sources are described by
Eqs. (21) and (22), respectively. All simulated Cv concentration
histories are presented in Fig. 4. Certainly, the Cv concentration
histories display higher peaks as the values of Dxv,, Ux and rc‐cðrÞ
increase or the values of rv‐v ⁎, Ucs, rv−vc, λv and λvc decrease. In
general, an increase in Cc causes Cvc to increase, and Cv to
decrease. Consequently, as shown in Fig. 4e, an increase in
rc‐cðrÞ causes Cc to decrease and Cv to increase. Fig. 4a suggests
that increasing Dxv leads to higher peaks, because higher
dispersion allows viruses to spread faster. Similarly, decreasing
the interstitial velocity reduces the distance that viruses travel
over a specific time period, which leads to lower Cv concentrations (see Fig. 4d). Increasing rv‐v⁎ decreases the Cv concentrations, because more viruses attach on the solid matrix and
become immobile (see Fig. 4b). An increase in Ucs increases the
sedimentation of Cvc (note that Ucs = Uvcs), which in turn
decreases Cvc concentrations at shallow aquifer levels and
increases Cvc concentrations at deeper aquifer levels (see
Fig. 4c). As shown in Fig. 4g,h, increasing either of the
parameters λv and λvc leads to decreased Cv. This is because
λv and λvc control the inactivation of viruses suspended in the
aqueous phase and attached onto suspended colloids, respectively. Note that, if viruses are inactivated faster they are less
likely to travel longer distances within the aquifer. Fig. 4f shows
that decreasing rv−vc leads to increasing Cv concentrations. This
result is expected, because the rate coefficient rv−vc controls
virus attachment onto suspended colloid particles. Note that in
several of the Cv concentration histories presented in Fig. 4 there
is an initial concentration decrease followed by a concentration
increase. These concentration peaks are observed at t N tp, or
after the colloid and virus sources are eliminated. Consequently, the various concentrations are rearranged due to
the absence of colloid and virus sources. Previously attached
viruses onto colloids or the aquifer solid matrix shift back
into the aqueous phase as suspended viruses, causing a
temporary increase in Cv.

Colloid and virus cotransport parameters
28 (cm2/h)
–
Dxv
Dyv
10 (cm2/h)
–
2
10 (cm /h)
–
Dzv
30 (cm2/h)
Schulze-Makuch (2005)
Dxvc
12 (cm2/h)
–
Dyvc
12 (cm2/h)
–
Dzvc
0.4 (cm/h)
Eq. (2a)
Uvcs
0.008 (1/h)
Syngouna and Chrysikopoulos (2011)
rv‐v ⁎
rv⁎‐v
0.005 (1/h)
Vasiliadou and Chrysikopoulos (2011)
6
2
27 (cm /mg ⋅h)
–
rv‐vc
0.009 (1/h)
Vasiliadou and Chrysikopoulos (2011)
rvc‐v
0.001 (cm6/mg2⋅h) –
rv‐v⁎c⁎
0.009 (1/h)
Vasiliadou and Chrysikopoulos (2011)
rvc‐v⁎c⁎
0.009 (1/h)
Vasiliadou and Chrysikopoulos (2011)
rv⁎c⁎‐v
0.05 (1/h)
Vasiliadou and Chrysikopoulos (2011)
rv⁎c⁎‐vc
0.001 (1/h)
Syngouna and Chrysikopoulos (2011)
λv
λ v⁎
0.0005 (1/h)
Syngouna and Chrysikopoulos (2011)
0.0001 (1/h)
Syngouna and Chrysikopoulos (2011)
λvc
0.00005 (1/h)
Syngouna and Chrysikopoulos (2011)
λv⁎c⁎

To illustrate the effects of gravity during field-scale cotransport of viruses and dense colloids, multiple model simulations
were performed. Fig. 5 presents contour plots for concentrations
Cv, Cc, and Cvc at a single time frame (t = 6900 h), as predicted by
the cotransport model. The results clearly show that all three
concentrations (Cc, Cv, and Cvc) are affected by gravity.
Although viruses are assumed to have no “restricted particle”
settling, the Cv contours are influenced by gravity. Certainly,
this is not an intuitive result, because it is attributed to virus
attachment onto dense colloids, followed by subsequent virus
detachment from colloid surfaces into the aqueous phase. To
better illustrate the effect of gravity on the virus and dense
colloid cotransport in porous media, a series of Cv, Cc, and Cvc
contour snapshots, at six different times (t = 150, 1050, 2100,
3000, 5700 and 6900 h), are presented in Fig. 6. As expected,
due to the high density of the colloids, the contours for both Cc,
and Cvc are affected by gravity. Initially, viruses are transported
along the horizontal flow, but after they encounter the colloid
source at x = 4000 cm, they bend towards the bottom of the
aquifer. When viruses interact with the colloid particles, virus–
colloid particles are formed, which due to their “restricted”
settling velocity, they are transported in a downward direction,
where they are allowed to detach from each other and to yield
a local virus concentration, essentially virus transport is
enhanced. Note that as time elapses, the effect of gravity is
more pronounced (see concentration contour snapshots in
Fig. 6).
For direct comparison, a second set of model simulations
were performed with the results presented in Fig. 7, by
employing identical flow conditions and parameter values to
those used for the construction of Fig. 6, with the exception that
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Fig. 4. Sensitivity analysis on various parameters of the newly developed virus–dense colloid cotransport model. Here tp = 8500 h.

this time gravity effects were thought to be negligible for both
virus and colloid particles. Clearly, the contour snapshots
shown in Fig. 7 illustrate that all three concentrations (Cc, Cv,
and Cvc) are no longer affected by gravity. However, low virus
concentration zones still exist within the contours, due to the
formation of virus–colloid particles.
Finally, for better visualization of the virus and colloid spatial
distributions within the hypothetical, three-dimensional aquifer
examined in this work, iso-surface plots were created. Fig. 8

presents iso-surface plots for both Cv, and Cvc, as well as
concentration contours for Cc, for the same flow conditions and
parameter values used for the construction of Fig. 6, were
gravity effects are accounted by the cotransport model. As
expected, downstream from the colloid source there is a region
of low virus concentration (virus transport is hindered), created
by the formation of virus–colloid particles. Clearly, the vertical
migration of viruses is caused by the presence of dense colloid
particles (virus transport is enhanced).
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Fig. 5. Concentration contour plots on the x–z plane for: (a) viruses, (b) colloids, and (c) virus–colloid particles during virus and colloid cotransport, accounting for
gravitational effects. Here t = 6900 h, and y = 15 m.

5. Summary

C(r)
c⁎

A mathematical model describing the cotransport of viruses
and colloids in three-dimensional, homogeneous, water saturated porous media, accounting for gravity effects was
developed. The numerical solution was implemented with the
use of implicit and non-implicit finite difference procedures, as
well as ODE solvers, which efficiently handled variable or a
priori unknown stiffness. Multiple model simulations were
performed for the cotransport of virus and dense colloid
particles in a hypothetical aquifer, using parameter values
reported in the literature. The results demonstrated that the
presence of dense colloids influence the transport of viruses in
porous media. Certainly, the cotransport model and its
numerical solution presented in this work can easily be applied
to other types of biocolloids/contaminants and dense colloids
(nanomaterials).

dp
Dxi

Nomenclature
b
ratio of average free settling segment length to the
grain radius, (–).
concentration of suspended colloids, Mc/L3.
Cc
concentration of suspended species i, Mc/L3, Mv/L3,
Ci
Mv/Mc.
concentration of colloids attached onto the solid
Cc⁎
matrix, Mc/Ms.
concentration of suspended viruses, Mv/L3.
Cv
⁎
concentration of viruses attached onto the solid
Cv
matrix, Mv/Ms.
concentration of viruses attached onto suspended
Cvc
colloid particles, Mv/Mc.
concentration of virus–colloid particles attached
Cv⁎c⁎
onto the solid matrix, Mv/Mc.
concentration of colloids irreversibly attached onto
C(i)
c⁎
the solid matrix, Mc/Ms.

Dyi
Dzi
fs
Fi
g
Gi(t)
H(t)
i
la
lb
lc
L
Lx
Ly
Lz
M
Mc
Ms
Mv
Mmr
nx
rc‐c ðiÞ

concentration of colloids reversibly attached onto
the solid matrix, Mc/Ms.
colloid particle diameter, L.
longitudinal hydrodynamic dispersion coefficient of
species i, L2/t.
lateral hydrodynamic dispersion coefficient of species
i, L2/t.
vertical hydrodynamic dispersion coefficient of
species i, L2/t.
settling velocity correction factor, (–).
general form of the source configuration of species i,
Mi/L3t.
gravitational acceleration, L/t2.
mass release function of species i, point source: Mi/t,
and volume source: Mi/L3t.
Heaviside or unit step function (H(t b 0) = 0,
H(t ≥ 0) = 1), (–).
species c = colloid, v = virus, vc = virus–colloid.
ellipsoid semi-axis parallel to the x-direction, L.
ellipsoid semi-axis parallel to the y-direction, L.
ellipsoid semi-axis parallel to the z-direction, L.
length, L.
length of porous medium (packed column), L.
width of porous medium, L.
height of porous medium, L.
mass, M.
mass of colloids, Mc.
mass of the solid matrix, Ms.
mass of viruses, Mv.
mass release rate of species i, point source: Mi/t, and
volume source: Mi/L3t.
number of discretization unit cells in the x-direction,
(–).
rate coefficient of irreversible colloid attachment
onto the sold matrix, 1/t.
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Fig. 6. Contour plots on the x–z plane for: (a–f) viruses (solid curves) and colloid particles (dashed curves), and (g–l) viruses (solid curves) and virus–colloid particles
(dotted curves) during virus and colloid cotransport in the presence of gravitational effects. Here (a,g) t = 150 h, (b,h) t = 1050 h, (c,i) t = 2010 h, (d,j) t = 3000 h, (e,k)
t = 5700 h, (f,l) t = 6900 h, and y = 15 m.

rc‐c ðrÞ
rc ðrÞ ‐c
rv‐v⁎
rv⁎‐v
rv‐vc
rvc‐v
rv‐v⁎c⁎

rate coefficient of reversible colloid attachment onto
the sold matrix, 1/t.
rate coefficient of reversible colloid detachment from
the solid matrix, 1/t.
rate coefficient of virus attachment onto the solid
matrix, 1/t.
rate coefficient of virus detachment from the solid
matrix, 1/t.
rate coefficient of virus attachment onto suspended
colloid particles, L6/M2c t.
rate coefficient of virus detachment from suspended
colloid particles, 1/t.
rate coefficient of virus attachment onto colloid
particles already attached onto the solid matrix, L6/
M2c t.

rvc‐v⁎c⁎
rv⁎c⁎‐v
rv⁎c⁎‐vc
t
tp
Ux
Uis(±i)
Uis(−k)
W

rate coefficient of virus–colloid particle attachment
onto the solid matrix,1/t.
rate coefficient of virus detachment from colloid
particles attached onto the solid matrix, 1/t.
rate coefficient of virus–colloid particle detachment
from the solid matrix, 1/t.
time, t.
source duration time period, t.
interstitial velocity in the x-direction, L/t.
x-directional component of the restricted settling
velocity of species i, L/t.
negative z-directional component of the restricted
settling velocity of species i, L/t.
characterizes the source physical geometry, point
source: 1/L3, volume source: (–).
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Fig. 7. Contour plots on the x–z plane for: (a–f) viruses (solid curves) and colloid particles (dashed curves), and (g–l) viruses (solid curves) and virus–colloid particles
(dotted curves) during virus and colloid cotransport in the absence of gravitational effects. Here (a,g) t = 150 h, (b,h) t = 1050 h, (c,i) t = 2010 h, (d,j) t = 3000 h, (e,k)
t = 5700 h, (f,l) t = 6900 h, and y = 15 m.

x
x0
y
y0
z
z0

Cartesian coordinate in the longitudinal direction, L.
Cartesian x-coordinate location of the source
center, L.
Cartesian coordinate in the lateral direction, L.
Cartesian y-coordinate location of the source
center, L.
Cartesian coordinate in the vertical direction, L.
Cartesian z-coordinate location of the source
center, L.

δ
θ
μw
λv
λv⁎
λvc
λv⁎c⁎

Greek Letters
β
angle of the main flow direction (x-direction) with
respect to the direction of gravity.
ε
empirical correction factor, (–).

ρb
ρp
ρw

modified Dirac delta function, 1/L.
porosity of the column material, (L3 voids)/(L3 solid
matrix).
dynamic viscosity of water, M/(L·t).
decay rate of viruses suspended in the liquid phase,
1/t.
decay rate of viruses sorbed or attached onto the
solid matrix, 1/t.
decay rate of virus–colloid complexes suspended in
the liquid phase, 1/t.
decay rate of virus–colloid complexes sorbed or
attached onto the solid matrix, 1/t.
bulk density of the solid matrix, Ms/L3.
particle density, M/L3.
fluid density, M/L3.
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Fig. 8. Isosurface three-dimensional concentrations plots for viruses (blue surfaces) and virus–colloid particles (green surfaces), along with a projected contour plot on
the x–y plane at z = 15 m for colloid particles (brown contour). Here t = 13,000 h.

Abreviations
ODE
ordinary differential equation
PDE
partial differential equation
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